FLOER MINI-MAX THEORY, THE CERF DIAGRAM, AND THE 
SPECTRAL INVARIANTS 
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Jj~Hi Abstract. The author previously defined the spectral invariants, denoted by 

~ ' p{H\ a), of a Hamiltonian function H as the mini-max value of the action func- 

^-* ' tional J^H over the Novikov Floer cycles in the Floer homology class dual to the 

\ jr^ , quantum cohomology class a. The spectrality axiom of the invariant p{H; a) 

states that the mini-max value is a critical value of the action functional A^h ■ 
The main purpose of the present paper is to prove this axiom for nondegener- 

r^ ' ate Hamiltonian functions in irrational symplectic manifolds (M, cj). We also 

prove that the spectral invariant function pa ■ H i-^ p{H; a) can be pushed 
down to a continuous function defined on the universal (etale) covering space 

tS^ ' Ham(M, uj) of the group Ham{M, u>) of Hamiltonian diffeomorphisms on gen- 

j^ , eral (M,lj). For a certain generic homotopy, which we call a Cerf homotopy 

Ti. = {ii^°}o<s<i of Hamiltonians, the function pa o Ti : s i-^ piH"; a) is piece- 
wise smooth away from a countable subset of [0, 1] for each non-zero quantum 
cohomology class a. 

The proof of this nondegenerate spectrality relies on several new ingredients 
in the chain level Floer theory, which have their own independent interest: a 
structure theorem on the Cerf bifurcation diagram of the critical values of the 
action functionals associated to a generic one-parameter family of Hamiltonian 
functions, a general structure theorem and the handle sliding lemma of Novikov 
Floer cycles over such a family and a family version of new transversality 
statements involving the Floer chain map, and many others. We call this 
chain level Floer theory as a whole the Floer mini-max theory. 
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§1. Introduction and the main results 

Let (M, w) be a closed symplectic manifold and Ham{AI,uj) be the group of 
smooth Hamiltonian diffeomorphisms as a subgroup of symplectic diffeomorphisms 
Symp[M, uj) with the smooth topology on it. In a previous paper [18j . to each one- 
periodic time-dependent normalized Hamiltonian function iJ : 5^ x M ^ M, we 
associated a family of symplectic invariants p{H\ a) parameterized by the quantum 
cohomology classes ^ a S QH*(M), which we call the spectral invariants of H. 
These are the mini-max values of the action functional 

Ah : f^o(M) ^ K 

Ah{[i.w])^- I w*uj- I H[t,-i{t))dt 

over the semi-infinite Floer cycles in the homology class 'dual' to the quantum 
cohomology class a. (See [18] for a precise meaning of the notion of the 'dual' used 
here.) Here VtQ{M) is the set of contractible loops on AI and VIq{M) is the standard 
F-covering space jlO) : Two pairs (7, w) and (7, w') with w, w' : D^ — > M satisfying 
dw = dw' — 7 are equivalent if they satisfy 

(1.1) uj{w'4w) ^ and ci(w;'#iZ;) = 0. 

We denote by [7, w] the equivalence class of (7, w) and by J7o(M) the set of equiv- 
alence classes [7,^]. We provide Q,o{M) with the quotient topology induced from 
the natural C°° topology of the set of pairs {z,w). We denote the (etale) covering 
group of TT : 51o(M) -^ Q,q{M) by F. which is defined by 

P ^ ^2(M) 

kercj|^,(M) nkerci|^,(M) 
and denote 

Spec(H) - {Ah{[z, w])\z^ Xh{z)} 

which is nothing but the set of critical values of the action functional Ah ■ 

The spectral invariants p{H; a) can be regarded as the invariants of the associated 
Hamiltonian paths 

A = 0/f : 1 1-> 0^. 

We say that two Hamiltonians H, H' i~^ (p are equivalent if the corresponding 
Hamiltonian paths (pn and cpH' are path homotopic in Ham[M,u}). We denote 
by [(t),H] its path homotopy class, and by Ham{M,u!) the set of path homotopy 
classes. Ham{M,uj) is the universal covering space. 
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We assume that all Hamiltonian functions H are normalized by the condition 

(1.2) Htdfi^O for all t G [0, 1] 
and denote by 

HrniM) = C^{S^ X M) 

the set of normalized one-periodic functions. Here 'tti' stands for the term 'mean 
zero'. This set has one-one correspondence with the set 

'P{Ham{M,uj),id) 

of Hamiltonian paths in Ham{M,uj) based at the identity. 

We recall that a symplectic manifold (M, lu) is called rational if its period group 

r^ ~ LuiT) = {lu{A) I Ae^2(M)} 

is discrete. In |18) . for the rational symplectic manifold (Af, w), we have proved 

(1.3) p{H-a)=p[H'-a) 

when H, H' h^ (j) and [(p, H] — [ip, H'], irrespective of nondegeneracy of Hamiltoni- 
ans. In particular, the function p induces a well-defined function 

(1.4) p: H^{M,uj)xQH*{M) ^R 

by setting p{(j);a) :— p{H;a). Our proof in [TB] of (1.3) for the rational case relies 
on the following 5 facts: 

(1) The set Spec{H) C R, which is the set of critical values of the action 
functional Ah is a set of measure zero (see [IGJ Lemma 2.2]). 

(2) For any two Hamiltonian functions H, H' i-^ (p such that [4>,H] = [(j),H'], 
we have 

(1.5) Spec(iJ) = Spec(ff') 

as a subset of M provided H, H' satisfy the normalization condition (1.2) 
(see [H] for the proof). 

(3) The function H i-^- p{H] a) is continuous with respect to the smooth topol- 
ogy on C^{S^ X M) (see [H] for its proof). 

(4) (Spectrality Axiom) For any H and a, we have 

(1.6) p{H;a)eSpec{H). 

(5) The only continuous functions on a connected space (e.g., the interval [0, 1]) 
to R, whose values lie in a measure zero subset, are constant functions. 

The author previously proved the facts (l)-(3) for the general cases in a series 
of papers [151 [T71 [18] , especially including the irrational cases. However we were 
able to prove the spectrality axiom (4) only for the rational case at the time of 
writing the paper [18j . In this paper, we prove this spectrality axiom for nondegen- 
erate Hamiltonian functions in the general symplectic manifolds, especially for the 
irrational symplectic manifolds. 

Theorem I (Nondegenerate spectrality). Let {M,uj) be an arbitrary closed 
symplectic manifold. For any one-periodic nondegenerate Hamiltonian function 
iJ : 5*^ X M — > R, p{H; a) is a critical value of Ah , "i-e-, 

p{H;a) eSpec(iJ) 

for any given quantum cohomology class 7^ a £ QH*{M). 
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We cannot prove the spectrality axiom for general degenerate Hamiltonian func- 
tions. We suspect that this is indeed not the case when degeneracy of the Hamil- 
tonian function is severe. It is an interesting problem to prove or to find a counter 
example of the spectrality axiom. 

In fact, we prove the following stronger theorem for the nondegenerate case. 

Theorem II (Homological essentialness). Suppose that H is nondegenerate 
and a be any non-zero quantum cohomology class. Then p{H; a) is a homologically 
essential critical value of Ah , ^n that there is a (and so any) generic choice of J 
such that there is a Novikov Floer cycle a of {H, J) satisfying [a] — a and 

p{H;a) = XH{a)- 

We refer to section 2 for the definition of a Novikov Floer cycle a of the pair 
{H, J) and its level A/f (a). 

Theorem I, which we call the nondegenerate spectrality axiom, is an essential 
ingredient to push down the function pa '■ H i-^ p{H] a) to a continuous function on 

the universal covering space Ham{M,io). We refer to [16]-[19] for a more detailed 
study of spectral invariants and their applications. 

Because we do not know the validity of spectral axiom for degenerate Hamilto- 
nians, the scheme of the proof used to prove (1.3) for the rational (M, w) cannot 
be applied to degenerate Hamiltonians. In this regard, the following result is still 
a non-trivial theorem to prove. 

Theorem III (Homotopy invariance). For any pair {H,K), not necessarily 
nondegenerate, satisfying H ^ K , we have 

p{H;a) ^ p{K;a). 

To prove Theorem III for degenerate Hamiltonians, we will use Theorem I to- 
gether with continuity property of the spectral invariant function 

H^ p{H;a) 

and some simple calculation of the Hamiltonian algebra in the spirit of the proof of 
[151 Lemma 5.1] or [181 Theorem 5.1]. This theorem immediately gives rise to the 
following theorem. 

Theorem IV. Let Ham(M,uj) be the above universal (etale) covering space and 
equip it with the quotient topology induced from V {H am{M , lj) , id) . Then the func- 
tion 

Pa ■■ Ham{M, w) -» R 

defined by Pa{<fi) '■= p{H; a) for a H satisfying [H] — (j) is a continuous function in 
the natural topology of Ham{M,Lo). 

In the proof [TS] of the general spectrality axiom for the rational case, we have 
used the fact, in an essential way, that the period group a;(r) is discrete and so 
Spec(7f ) is a closed subset of R. For the irrational case, the argument for the 
rational case cannot be applied because Spec(iJ) C R is not a closed subset but 
a dense subset (of measure zero) of R. In the classical mini-max theory (see [T] 
for example) where the global gradient flow of the functional exists, a proof of the 
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convergence result of the mini-max sequence heavily relies on the Palais-Smale type 
condition and the deformation lemma. In our case the global flow does not exist 
and the set of critical values is dense and hence there is no way to deform the 
space itself. Therefore in the point of view of the critical point theory, the action 
functional Ah on an irrational manifold (Af , uj) belongs to the highly pathological 
realm. 

To overcome these difficulties and prove criticality of the mini-max value p{H; a), 
on an irrational symplectic manifold {M,uj), we will work with the relevant mini- 
max cycles instead of either trying to deform the whole space or trying to prove 
convergence of the mini-max sequence of individual critical points. For this purpose, 
in the nondegenerate case, we use some intricate arguments involving the Novikov 
Floer cycles and the Floer chain map in the context of the chain level Floer theory. 
The proof in turn relies on a structure theorem of the Cerf bifurcation diagram 
of the action functional, a careful re-examination of the whole construction of the 
basic operators in the Floer homology theory and the composition law of the Floer 
chain map, and a structure theorem of general Novikov Floer cycles in a generic one- 
parameter family of Hamiltonian functions. This latter structure theorem, Theorem 
6.7, is closely related to the picture arising in the First Cancellation Theorem in 
the classical Morse theory (see [13 and section 5 for more explanations). 

As a byproduct of our proof, we also prove the following piecewise smoothness of 
the spectral invariants under a Cerf homotopy of Hamiltonians (See Definition 3.8 
for the definition of Cerf homotopy and Theorem 9.5 for a more precise description 
of non-differentiable points.) 

Theorem V. Let Ti. = {i?''}o<s<i be a smooth Cerf homotopy of Hamiltonians. 
Then the function 

is continuous piecewise- smooth with a countable number of non-differentiable points. 

One may hope to use some limiting argument to study the degenerate cases as in 
the rational case. (See section 2 for the limiting arguments.) This attempt meets a 
serious difficulty in the irrational case. The difficulty in proving existence of such a 
critical point [z, w] by a limiting argument, does not lie in the part of periodic orbit 
z but lies in the part w, because the structure of the covering group F or rather 
its image F^^ C K, the period group of (M, w), of the evaluation homomorphism 
[oj] : F ^ M is much more complex for the irrational case than for the rational case. 

Besides the proof of the main theorem, in the course of our proof of the spectrality 
axiom for an irrational (M, to), we prove many basic results in the Floer theory itself 
which seem to touch the heart of the chain level theory in the way Smale's handle 
body theory does in the classical Morse theory [13] . We expect that these will bring 
further consequences to symplectic topology in the future. 

It is instructive to compare the ways how we maneuver the Floer cycles in |15j 
and in the present paper. One of the important matters in our chain level theory 
is to transfer a Floer cycle of one Hamiltonian to that of the other Hamiltonian 
along a given homotopy H = {H{r])}o<ri<i of Hamiltonian functions in a way that 
we can control the amount of 'sliding of handles', i.e., so that we can control the 
levels of the cycles during the transfer. For this purpose, we used a piecewise linear 
homotopy in [15], which we call the adiabatic homotopy. On the other hand, in the 
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present paper, we use sub-homotopies of (7i, j). (See Definition 3.9 for the definition 
of sub-homotopy) . For a given honiotopy 

{H,j) : [0,1] ^C°°([0,1],H™(M)) X C°°([0,l],j„) 

we call CHrjn' T jriT]') a sub-homotopy of (Ti.,j) for < 77, 77 < 1 where the latter is 
defined by the homotopy 

Hrjrj' ■■ S ^ H{{1 - 5)77 + S77'), jr,r,' ■ S h-> j {{I - 5)77 + ST;') 

for s G [0, 1]. Although this difference is marginal in the rational case, it turns out 
to be an essential improvement for the irrational case. In fact, our usage of sub- 
homotopies is one essential ingredient that enables us to prove certain continuity 
property of the levels of the transferred Floer cycles along the given homotopy H. 
(See Proposition 8.4 and Lemma 8.5.) Such a continuity property would have been 
impossible to prove if we had used the adiabatic homotopy as in |15j due to the 
fact that Spec{H) is a dense subset of M: Since Spec(i?) is dense, however fine a 
partition of [0, 1] we would choose, the levels of cycles could slide down to a lower 
level in each step of transfer along the piecewise- linear homotopy. As a result, we 
would not have been able to control the amount of handle sliding in the end if we 
used the piecewise-linear homotopy which only approximates the given homotopy 
Ti. In hindsight, this is a natural thing to do in the point of view of Hamiltonian 
fibrations, which we will elaborate further elsewhere. However since we use sub- 
homotopies of a fixed homotopy of the pair (Ti,j), we have much less freedom 
to achieve transversality than the general case unlike when we use the adiabatic 
homotopies in [15] and so need to prove the transversality required to study such 
sub-homotopies. This leads us to a novel transversality statement (Theorem 4.6) 
which has not appeared in the previous literature and which is one of the essential 
ingredients in our proof. 

A brief description of contents of the paper is in order. After a review of the 
proof for the rational case from |18j in section 2, the rest of the paper deals with 
general symplectic manifolds, which are not necessarily rational. In section 3, we 
prove a structure theorem of the Cerf bifurcation diagram of the action functionals 
for a generic one-parameter family of Hamiltonians connecting two nondegenerate 
Hamiltonians Hi and H2. In section 4, we study the transversality issue of sub- 
homotopies of the given homotopy or a one-parameter family (TL,j) consisting of 
Hamiltonians and almost complex structures, and prove the main theorem, Theo- 
rem 4.6, in that regard. In section 5, we carefully describe the gluing construction 
needed for the proof of the composition law of the Floer's chain maps in a way that 
will be used in our proof. In section 6, we prove a structure theorem of Novikov 
Floer cycles over a one-parameter family of Hamiltonian functions. In section 7, 
we recall the handle sliding lemma from [15j and provide a version thereof in terms 
of the sub-homotopy, instead of the adiabatic homotopy used in [15]. In section 8, 
we prove a general parametric stability theorem of the tightness of Novikov Floer 
cycles under a Cerf homotopy. As a by-product of the this proof, we derive The- 
orem V too. After all these preparations, we carry out the proof of Theorem II 
(and hence of Theorem 1 as a corollary) for the nondegenerate case in section 9. In 
section 10, we explain how we push down the spectral invariants to Ham{M, uj) as 
a continuous function in the natural topology on it, and in section 11 we provide 
two immediate applications to Hofer's geometry of the Hamiltonian diffeomorphism 
group. 
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To make the main stream of arguments transparent without bogging down with 
technicaUties involved with the transversaKty problem, as in |181ll9j. we will assume 
that (M, w) is strongly semi-positive, i.e., satisfies the condition that there is no 
spherical homology class A satisfying 

uj{A)>0 and 2-n < ci(A) < 0. 

We will remove this assumption imposed in [181 I19j and in the current paper all 
at once in a sequel to these papers. The spectrality axiom was first announced in 
the author's preprint "Mini-max theory, spectral invariants and geometry of the 
Hamiltonian diffeomorphism group" (ArXiv:math.SG/0206092) in general. Since 
then, three papers, [TSl HH] and the present paper, have grown out of the paper. 
Except the spectrality axiom for degenerate Hamiltonians in irrational symplectic 
manifolds and the treatment of the case that is not strongly semi-positive, all the 
results in this preprint are now proved in the three papers with complete details 
and some corrections. 

Finally we would like to point out that the spectrality axiom, or (1.3), is a crucial 
ingredient in Entov's work [1] in his applications of spectral invariants to the study 
of the quasimorphisms and the commutator length of Hamiltonian diffeomorphisms. 
A proof of the spectrality axiom for the nondegenerate case is outlined in [H section 
3]. (See Part 4 of the page 76 of [4].) We emphasize that the standard argument used 
in the outline cannot be applied to the irrational symplectic manifolds because the 
set of critical values of the action functional is dense and the argument of 'pushing 
down the cycles under the flow' cannot easily go through in the irrational case, as 
we had mentioned before. 

Recently Usher [22] gave an algebraic proof of the main theorem. Theorem II in 
a general abstract context of Floer homology. 

We thank the Korea Institute for Advanced Study for providing the financial 
support and excellent research environment during the writing of the present paper. 
We also thank M. Usher for pointing out an incorrect statement in Theorem 3.7 (3) 
in the previous version of this paper and sending his preprint |22j : This results in 
our modification of the proof of Theorem 8.3 and that of Step 2 and 3 in section 9 
from the previous proofs thereof. Our usage of Proposition 8.8 is partly influenced 
by Usher's paper [22j where a similar statement is an important ingredient in his 
algebraic proof of Theorem II. We also thank him for many helpful comments during 
our preparation of this version of the paper. 

Notations 

(1) JTLj = the set of w-compatible almost complex structures 

(2) J — {Jt}o<t<i is a smooth one-periodic family with Jq — Ji, and j^j is the 
set of such J's. We just denote j^j = C°°{S^,J^). 

(3) 'P{juj) = C°°([0, 1], jw). We denote by j a general element of V{juj)- 

(A) H : S^ X M ^ M. is a. one-periodic family of functions that satisfy the 
normalization condition J., Ht dfi = where dfi is the Liouville measure. 
We denote by HmiM) = C^iS^ x M) the set of such H's. 

(5) H = {H{ri)}o<rf<i is a one-parameter family of H's mentioned in (4). We 
denote the set of such Ws by V{nm{M)) = C°°([0, 1],H™(M)) 

(6) r^ := u!{r)~ the period group of {M,uj). 
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§2. Preliminary and review of the rational case 

2.1. Novikov Floer cycles and spectral invariants. Suppose that (f> G Ham{M,uj) 
is nondegenerate in the sense of Lefshetz fixed point theory: the derivative Tp(f> : 
TpM -^ TpM has no eigenvalue one at any fixed point p G M. We will call a one- 
periodic Hamiltonian 7J : 5*^ x M — > M nondegenerate if 4>}j = (/> is a nondegenerate 
diffeomorphisni. Note that the nondegeneracy of H depends only on its time-one 
map 4>\j. We denote by Per(_ff) the set of contractible one-periodic orbits of H. 

For each nondegenerate H : S^ x M —> M., we consider the free Q vector space 
over 

(2.1) CtHAh = {[z, w] e no{M) I z e Per(iJ)}. 
Following Olio], we give the following definition. 
Definition 2.1. We call the formal sum 

(2.2) /3= ^ a[z,w][z,w]' ".[zM^'^ 

[2,u)]eCrit^if 

a Novikov Floer chain (or simply a Floer chain) if there are only finitely many 
non-zero terms in the expression (2.2) above any given level of the action. We call 
[z,w] a generator of the chain /? and denote 

[z, w] e (3 

if o,lz.w] 7^ 0. We also say that [z,w] contributes to (3 in that case. We denote by 
CFk{H) the set of Floer chains whose generators all have degree k, i.e., satisfy 

^j.h{[z,w]) = k 

where /i/f is the Conley-Zehnder index of [z,w\ 2\. 

Note that CF^,{H) is a graded Q- vector space. This is infinite dimensional as a 
Q- vector space in general, unless 7r2(M) = 0. 
Now we consider a Floer chain 

The following notion plays an essential role for the mini-max argument via the 
Floer homology theory in [TSl [TH] . 

Definition 2.2. Let /3 be a Floer chain of a given degree k. We define the level of 
the cycle (3 and denote by 

(2.3) \h{P) = max{^H([z,u;]) | a[,.^] ^ in (2.2)} 

[z,w] 

if /3 y^ 0, and just put Aif(O) = — cxd as usual. We call any element [z,w] with 
^//([z, w]) = \h{P) a peak of (3. 

The level \h induces a filtration of CF^{H) and so induces a natural non- 
Archimedean topology. (See |18, Appendix].) We regard each CFk{H) as a topo- 
logical vector space with respect to this topology. 

For a given one-periodic family J = { Jt}o<t<i of compatible almost complex 
structures, we consider the Floer boundary map 

d = d(j,H) ■.CF,{H)-^CF,{H). 

In section 4, we will briefly review construction of 9 in a way that is useful for 
our formulation of transversality problem of sub-homotopies. One can easily check 
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that d or all the natural operators arising in the Floer complex are continuous with 
respect to the above mentioned topology. We refer to [HI Appendix] for a precise 
description of the topology and for the proof of this continuity statements. 

Definition 2.3. We say that a Floor chain /? G CF{H) is a Floer cycle if d(3 — 
and a Floer boundary ii (3 — dS for a Floer chain 5. Two Floer chains (3, (3' are said 
to be homologous if /3' — /3 is a boundary. 

Let 

a = ^aAq~'^, aA&H*{M) 

be a non-zero quantum cohomology class. We denote by r(a) C F the set of A's 
for which the coefficient oa is non-zero. By the definition of the Novikov ring, we 
can enumerate F(a) so that 

-Ai < -A2 < • • • < -Aj < • • • 

where \j = ijj{Aj). We call the first term aiq^^ the leading order term of the 
quantum cohomology class a. 

Next, for each given quantum cohomology class 7^ a G QH*{Af), we consider 
the Floer homology class a dual to a G QH*{M). (See [04] for its precise meaning.) 
Then we associate the following mini-max value of the action functional Ah 

(2.4) p{H;a) = mi{XH{a) | a G ker^H C CF„(iJ) with [a] = a^} 

a 

to each given pair {H,a). We like to emphasize that this definition itself manifests 
neither finiteness of the mini-max value nor its spectral property that p{H\ a) is a 
critical value of Ah ■ The finiteness was proved in |18j for a general symplectic 
manifold [M^uj) whether it is rational or not. However, we were able to prove the 
spectral property only for the rational case at the time of writing jlSj , which we 
now review. 

2.2. Review of the rational case. We first recall an important notion of canonical 
thin cylinder between two nearby loops. We denote by J^e/ a fixed compatible 
almost complex structure and by exp the exponential map of the metric 

g ■.= Uj{-,Jref). 

Let i{g) be the injectivity radius of the metric g. As long as d{x, y) < i{g) for the 
given two points of M, we can write 

y = exp^(C) 
for a unique vector ^ G T^M . As usual, we write the unique vector ^ as 

(2.5) e = (expj-i(y). 
Therefore if the C° distance d(jo{z, z') between the two loops 

z, z' : 5^ ^ M 
is smaller than ^(5), we can define the canonical map 

u%^^ : [0, 1] X 5I -^ M 

by 

(2.6) <?7(s,t)=exp,(,)(C,,,(i)), or ^..'W = (cxp3(,))-^(z'(t)). 
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It is important to note that the image of u^"" is contained in a smaU neighborhood 
of z (or z'), and uniformly converges to Zoo when z and z' converge to a loop Zoa 
in the C^ topology. Therefore m™" also picks out s a canonical homotopy class, 
denoted by [u^""] , among the set of homotopy classes of the maps u : [0, 1] x 5^ — > M 
satisfying the given boundary condition 

u(0,t) = z(i), u(l,t) = z'(t). 

The following lemma is an important ingredient in our proof, which will be used to 
overcome irrationality of symplectic manifolds later. 

Lemma 2.4. Let z, z' : S^ -^ M he two smooth loops and u'^"-" be the above 
canonical cylinder. Then as dc^{z,z') — > 0, then the map u™" converges in the 
C^ -topology, and its geometric area Area{u'^°'^) converges to zero. In particular, 
we have the followings: 

(1) For any bounding disc w of z, the bounding disc 

of w' is pre-compact in the C^ -topology of the maps from the unit disc. 
(2) 

(2.7) 

as dc^ {z, z') —tQ as z' ^t z. 

Proof. (1) is an immediate consequence of the explicit form (2.6) of u™" and from 
the standard property of the exponential map. 

On the other hand, from the explicit expression (2.6) of the canonical thin cylin- 
der and from the property of the exponential map, it follows that the geometric 
area Area(M^^) converges to zero as dpi {z, z') ^ by an easy area estimate. Since 
z, z' are assumed to be C^, it follows u^°" is C^ and hence the inequality 



Area«S.")> / 
This implies 



lim / uj — Q, 

3-'°° Ju-^ 

which finishes the proof. D 

The following theorem was previously proved by the author in [18] . We duplicate 
its proof here to highlight differences between the rational and the irrational cases, 
and to motivate the scheme of our proof in the irrational case. 

Theorem 2.5. 18, Theorem 7.1]. Suppose that {M,lu) is rational. Then for any 
smooth one-periodic Hamiltonian function H : S^ x M ^ M, we have 

p{H;a) GSpec(iJ) 

for each given quantum cohomology class 7^ a G QH* [M) . 
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Proof. We need to show that the mini-max value p{H; a) is a critical value, or that 
there exists [z,w] £ ilo{M) such that 

Ah{[z,w]) = p{H;a) 

dAH{[z,w]) ~ 0, i.e., z — Xh{z). 

The finiteness of the value p{H; a) was proved in [TS] . If H is nondegenerate, we just 
use the fixed Hamiltonian H. If H is degenerate, we approximate H hy a sequence 
of nondegenerate Hamiltonians Hi in the C^ topology. Let [zj, Wj] € Grit Ant be a 
peak of the Floer cycle a^ G CF^,{Hi), such that 

(2.8) \im AH^i[z^,w,])^p{H;a). 

Such a sequence can be chosen by the definition of p(-; a) and its finiteness property. 
Since M is compact and Hi ^ H in the C^ topology, and ij = X/f . {zi) for all i, 
it follows from the standard boot-strap argument that Zi has a subsequence, which 
we still denote by z^, converging to some loop z^o : S^ ^ M satisfying z = Xh{z). 
Now we show that the sequence [zi,Wi] are pre-compact on f2o(M). Since we fix 
the quantum cohomology class y^ a € QH*{M) (or more specifically since we fix 
its degree) and since the Floer cycle is assumed to satisfy [ui] — a!' ^ we have 

^^Hd[zi,Wi\) ^ ^H,{[zj,w^j\). 

Lemma 2.6. When {AI,uj) is rational, CritAK C no{M) is a closed subset ofM. 
for any smooth Hamiltonian K , and is locally compact in the subspace topology of 
the covering space 



Proof. First note that when (M, io) is rational, the covering group F of tt above is 
discrete. Together with the fact that the set of solutions of z = Xk{z) is compact 
(on compact M), it follows that 

Crit(^K) = {[z,w] e f2o(Af) I i = Xk{z)} 
is a closed subset which is also locally compact. D 

Now consider the bounding discs of z^c given by 



can 

zoo 



for all sufficiently large «, where uf^ = u™" is the canonical thin cylinder between 
Zi and Zoo- We note that as z — > oo the geometric area of m^^ converges to 0. 
We compute the action of the critical points [zoojWi] £ Crit Ah, 

AH{[z^,w'i\) ^ - f uj- [ H{t,z^{t))dt 



10 

(2.9) =-/ u;- [ - j H{t,zUt))dt 

1 

H,{t,z,{t))dt 





12 
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H{t,Zoo{t)) 



H,(t,z,{t)) 







(2.10) 



AHAh,w,])^(^ f H{t,zoo{t))- f H,{t,z,{t))^ 



UJ. 



Since Zi converges to Zqo uniformly and Hi ^ H , we have 

(2.11) -( / H{t,z^it))-f H(t,z,{t)))^0. 

Therefore combining (2.7), (2.8) and (2.11), we derive 

hm Ah{[zoo,w[]) = p{H;a). 

i — >oo 

In particular Ah{[zoc, w'j\) is a Cauchy sequence, which implies 

Ah{[Zoo,w[]) - Ah{[Zoo,w'j\) 



I.e., 



/ 



w'-i^w'- 



Since T is discrete and f ,n—f cj G F, this indeed implies that 



(2.12) 







Since the set \ J^, uj \ 



is bounded, we 



iGZ+ 



for all sufhcicntly large i, j e Z 

conclude that the sequence / , uj eventually stabilize, by choosing a subsequence if 
necessary. Going back to (2.9), we derive that the actions 

Ah{[Zoo,w[]) 

themselves stabilize and so we have 

AH{[zoo,w'f^]) = lim AH{[zoc,w'i]) ^ p{H-,a) 

i — *oo 

for a fixed sufficiently large A^ G Z+. This proves that p{H] a) is indeed the value 
oi Ah at the critical point [zoo,w^]. This finishes the proof. D 

In fact, an examination of the above proof proves a stronger fact that the mini- 
maxing sequence [zi, Wi] is precompact for the rational case, which we now explain. 
We recall that if H, H' are nondegenerate and sufficiently C^-close, there exists a 
canonical one-one correspondence between the set of associated Hamiltonian pe- 
riodic orbits. We call an associated pair any pair (z, z') of Hamiltonian periodic 
orbits of iJ, H' mapped to each other under this correspondence. We will give the 
proof of the following proposition in the Appendix. 

Proposition 2.7. Suppose that H, H' are nondegenerate and sufficiently C^ close. 
Let (z, z') be an associated pair of H, H' . Then we have 

(2.13) ^iHi[z,w])^t,H'i[z',w#uT;^]). 
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We derive 



2ci(K#ziJ^]) = 2c^{[w,#ur^#w,#uf^]) 
(2.14) = 2ci(K#<^"#iI,^™#zF,]) 

The third equaHty comes from the index formula 

^lH{[z,w^A]) =^iH{[z,w\)~2ci{A) 
(see [iHl Appendix] for the details of its proof) . On the other hand, we derive 

(2.15) ^,HA[z^.w,#nf^#v:l^^]) = ^iHA[zu ™,#«™;j]) = m, {[z,.w,]) 

when z, j are sufficiently large. Here the first equality follows since u'^^^u'^^ is 
homotopic to the canonical thin cylinder u^""/, and the second comes from (2.13). 
On the other hand, [zi,^^] and [zj-,i(;j] satisfy 

(2.16) ^J■H,{[z^,m]) = fiH,i[Zj,Wj]) 

because they are generators of Floer cycles ai and aj both representing the same 
Floer homology class a^ and so having the same degree. Hence combining (2.14)- 
(2.16), we obtain 

(2.17) ci(K#w;]) = 

for all sufficiently large i, j. Combining (2.12) and (2.17), we have proved 

[zoo,w'i\ = [zoo,w'j] in no{M). 

If we denote by [2:00, Wca] this common element of flo{M), we have proven that the 
sequence [zi^Wi] converges to a critical point [^00,^00] of Ah in the topology of 
the covering space tt : n,o{M) — + ilo{M). This finishes our discussion about the 
rational case. 

For the irrational case, the above argument breaks down since the sequence 
[zocw'i] used in the above proof will not stabilize, and more seriously the action 
values Ah{[zoo, w'^]) may accumulate at a value in R \ Spec(if ). Recall that in the 
irrational case, Spec(if ) is a dense subset of M. Therefore in the irrational case, 
one needs to directly prove that the sequence has a convergent subsequence in the 
natural topology of rio(M). It turns out that the above limiting arguments used for 
the rational case cannot be carried out due to the possibility that the discs Wi could 
behave wildly in the limiting process. As a result, proving such a convergence is not 
possible in general even for the nondegenerate case for a given mini-max sequence 
of critical points [zi^Wi] satisfying (2.8). One needs to use a mini-max sequence 
of cycles instead. This scheme is exactly what we have carried out in the present 
paper. Because we use the Floer cycles and they are defined only for nondegenerate 
Hamiltonians, we can prove the spectrality axiom only for the nondegenerate case 
in this way. Along the way, we develop many new ingredients in the chain level 
Floer theory needed to carry out the scheme. We call our chain level theory the 
Floer mini-max theory. 

To go to the case of degenerate Hamiltonians, it is unavoidable to use the approx- 
imation used arguments above as in the rational case. It would be very interesting 
to see if this difficulty is something intrinsic for this case. (See Remark 9.4 for some 
related comments.) 
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3. The Cerf bifurcation diagram 

3.1. Generic bifurcations of the critical set of the action functional. We first recall 
that for a generic one-parameter family Ti, — {i?(?7)}o<r;<i, there are a. finite number 
of points 

Sing{H) = {si, S2, . . . , s^j} C [0, 1] 
where there occurs either birth-death or death-birth type of bifurcation of periodic 
orbits (see [TT] for a detailed proof of this). Furthermore at each such Si, there is 
exactly one-periodic orbit Zi oi x — Xuig.\[x) for which a continuous family of the 
pair 2'^ (77), z~{ri) of periodic orbits of a; = X^(^)(x) bifurcate from Zi for -q with 
I?; — Si\ < S, S sufficiently small, that satisfy 

(1) z^{ri) ^ Zj as 77 ^ Si, 

(2) the Conley-Zehnder indices satisfy 

(3.1) fl{[z+,w+])^^,i[z-,w-]) + l 

where w^ ^ w^^u for u the thin cylinder between z+ and z^ . This latter condition 
makes sense because z+ and z~ are close when S is sufficiently small, which depends 
only on the homotopy Ti. independent of points Si £ Sing{7i). We denote this 
uniform S as 

(3.2) Si^6i{n). 

In the course of studying a detailed structure of the Cerf-type bifurcation diagram of 
the action functional, we will provide an outline of a proof of the above statements 
for the reader's convenience leaving more details to [llj . 

Let Ti. — {i?(77)}o<r)<i be a homotopy (or a one-parameter family) of smooth 
Hamiltonians. We denote 

(3.3) GritAn-^ [j {[z,w] \ z = XHi^){z)} ^ \J CtHAhm 

»?6[o,i] »?e[04] 

and consider it as a subset of [0, 1] x Q.o{M). For the simplicity of notations, we 
sometimes denote 

(3.4) n^{M):=C^{S^xM). 
We then define 

(3.5) rn^iM):=c^{[o,i],nm{M)). 

and 

(3.6) V{nmiM);HQ,Hi) := {H e VH^AM) \ H{Q) = Ho, H{1) = H^} 
for any given Hamiltonians Hi , H2 . We also denote 

K,f{M) ■= {H e HmiM) I H is nondegenerate}. 

The following lemma is easy to prove from the definition and from the standard 
facts on the first order ordinary differential equation. 

Lemma 3.1. Let Ha, Hp be smooth and Ti G T'{Ti.m{M)] Ha, Hp). Then we have 

(1) CritA-H is invariant under the deck transformation ofT on ^^{M) x [0,1]. 

(2) Under the covering map tt : fl(){M) -^ 51o(Af), CritAn/^ coincides with 

(3.7) Per{n) := U^e[o,i]Per{H{i^)) C [0, 1] x no{M) 
and in particular is compact. 
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Now we prove the following general structure theorem on Crit^T^ for a generic 
homotopy H such that the end points H{0) and H{1) are nondegenerate. 

Proposition 3.2. Let H^, Hp he two nondegenerate Hamiltonian functions and 
TL G V{Ti.„ii^J^)', Ha, Hfj). Then there exists a dense subset 

V'''''iH,niM);Ha,Hp) c riH,n{M);Ho, Hi) 

such that the subset 

CritAn C [0,1] xf]o(A/) 
becomes a smooth one-manifold with its boundary d{CritAu) contained in {0, 1} x 
f^o(M). 

Proof. We first note that the action by F on Crit^-^ is free. Therefore it is enough 
to prove that Cvii Ah /^ is a smooth one-manifold for some generic choices of 7i. 
We also know 

(3.8) Crit^«/r = Per(7^). 

This in turn implies that it is enough to prove that Per(7Y) becomes a (compact) 
smooth one-manifold for some generic choices of Ti. We now prove this statement. 

We first remark that in the Fredholm analysis we are going to carry out below, 
one needs to take a suitable Banach completion of the various function spaces that 
appear. However this is a standard procedure by now, and so we will not mention 
this technicality but just work with C°° function spaces. A good reference for this 
matter and also for detailed calculations involving the action functional is the paper 
pi] by Weinstein. 

We define the map 

$ : r!o(M) X rin,niM);Ha,Hp) x [0, 1] -> rao(M) x [0, 1] 

by 

(3.9) $(z,H,77)H^(i-X^(^)(z),r;). 
Considering this as the composition of the section 

(z, 7^,77) -> {z- XH(n){z),n,ri) 

of the parametric tangent bundle 

™o(A/) X rinr,,{M);Ha,Hp) x [0, 1] ^ no{M) x P{nrn{M); H^, Hp) x [0, 1] 

and the projection map 

iloiM) X P{n,niM); ff„, Hfj) X [0, 1] ^ r!o(Af ) x [0, 1], 

it is straightforward to check that the derivative of <& is surjective at all the zero 
points {z,Ti.,r]) of $, i.e., those satisfying i — X//(^)(z). Therefore the universal 
set of periodic orbits, denoted by 

(3.10) Ver := ^-\oTno(M) x PiHmiM); H^, Hp) x [0,1]), 

is a smooth submanifold of ilo{M) x V{Hm{M); Ha, Hp) x [0,1] by the implicit 
function theorem. 

Furthermore it is well-known that the linearization map 

(3.11) ^^^-DXi^izm 
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along the periodic orbit z of a Hamiltonian K £ Hm{M) is a Fredholm operator 
of index zero after making a suitable Banach completion of flo{M) (see [24] for 
example). This then is translated into the statement that the projection map 

(3.12) 7r2 : Ver C Oo(A^) x PinmiM); H^, Hp) x [0,1] ^ V{n,n{M):H^,Hp) 

is a Fredholm map of index 1. Now by the Sard-Smale theorem, the set of regular 
values of 7r2, which we denote by 

is residual, and in particular dense. This finishes the proof. D 

Next a simple version of the two-jet transversality implies the following, whose 
proof we omit and refer to [11] for more details. 

Proposition 3.3. Let H € P'"'a{nm{M);Hi,H2). Then the set 

SingiTi) :~{ri G [0, 1] | the linearization map (3.11) is not surjective for H{ri)} 

is finite. And there is another smaller dense subset of 

for which at each point r/ £ Sing{l-L), either birth-death or death-birth type of bifur- 
cation occurs as described in the beginning of this section. 

3.2. The Cerf bifurcation diagram. Next we introduce a notion of the Cerf bifurca- 
tion diagram of the action functionals and study its structure for a generic choice 
of the homotopy Ti. 

Definition 3.4. Consider the set 

S(W) ={('7,a) I V G [0,1], a = AH{n){[z,w]), [z,w] e CritAH(n)} 
^ ' ' C [0, 1] X M. 

We call S(H) the Cerf bifurcation diagram of the homotopy TC. 
There is the natural evaluation homomorphism 

(3.14) geT^ uj{g) e r^ c R. 

Via the homomorphism (3.14), T naturally acts on [0, 1] x R by 

(3.15) r X [0,1] xM^ [0,1] xR; g-{r],a)^{r],a-uj{g)) 
which preserves S(7i). Now we consider the map $ 

$ : f2o(M) X V{n„Ml)-H^,Hp) x [0, 1] 

^ fnoiM) X 7'(H™(Af); H^,Hp) x [0, 1] x M 
defined by 

(3.16) ^{[z,w],n,'n) = {z ~ XH{ri){z),'H,V,-^H{r)){[z,'w])). 

This map is equi variant under the obvious actions of T. 

It follows from Proposition 3.2 that $ is transverse to the submanifold 

OTUoiM) X [0, 1] X R c TiloiM) X [0, 1] x R. 

In particular, we know that 

(3.17) Z:=($)-i(oTO„(M)x[0,l]xR) 
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is a smooth submanifold of 

ho{M) X V{n^{M)-H„,Hp) X [0,1]. 
Obviously we have the natural (ctale) covering map 

(3.18) r^Z^-Per= |J Per(7i:). 

nev(n^(My,H^,Hf,) 

Now we consider the projection 

n : Z C T ^ P{nmiM);Ha,Hp). 

It is easy to check that this is a Frcdholm map of index 1. By the Sard-Smale 
theorem, there is another dense subset set of Ws such that 

n-^n) =:Z{n) 

becomes a smooth one dimensional manifold with boundary 

dZi-H) = *-i(o™„(M) X {0, 1} X R), 

as long as it is non-empty. In addition, F freely acts on Z{7i) and hence comes a 
natural T principal bundle 

(3.19) TT : z{n) -^ Z{n)/T 

where the quotient can be canonically identified with Per(7-^). By the standard a 
priori estimates on the Hamilton equation, Per{Ti.) is shown to be a compact one 
manifold with boundary. 
Now consider the map 

ev : Z{n) C f2o(M) x [0, 1] -^ [0, 1] x R 
defined by 

(3.20) {[z,w],7^)^(rj,AHM{[z,w])'^ 

for which the diagram 

Z{H) — > [0, 1] X M 

i i 

[0,1] ^ [0,1] 

commutes. Furthermore ev is equivariant under the fiber-preserving action of F, 
and the Cerf diagram S(7Y) is nothing but the image of ev. Hence there induces a 
natural action of F acting fiberwise on S(7Y) under the projection S(7Y) -^ [0, 1]. 

Now we describe structure of the image of the map (3.20). We first prove the 
following lemma, which states that the action cannot be the same for two differ- 
ent critical points [zi,wi] and [2:2, w;2] of the form zi = Z2, if we further require 

^1k{[zi,Wi]) = tl'Ki[z2,W2]). 

Lemma 3.5. Let K be a nondegenerate Hamiltonian function and consider the ele- 
ments from, Crit{AK)- Then for any element z £ Per{K), Ak{[ztWi\) — Ak([ztW2]) 
and ^k{[ZtWi\) = /ix([2, W2]) */ o,nd only if [z,wi] ~ [2,^2]. In particular, if we 
have 

^^([2:1,^1]) ^ Ak{[z2,W2]), flK{[zi,Wi]) = ^1k{[z2,W2]), 

then z\ 7^ Z2 unless [zi,wi] ~ [22,^2]. 
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Proof. Suppose 

(3.21) iik{[z,wi]) ^ ^Ki[z,W2]) 
and 

(3.22) Ak{[z,wi])^Ak{[z,W2]) 
From the assumption (3.22), we derive 

(3.23) / Lj = 
since we have 

Ak{[z,wi]) - Ak{[z,W2]) ^ i IjJ. 

And from (3.21) and the index formula 

^ik{[z,wi]) = ^ik{[z,W2]) - 2ci{wi#W2) 
we derive 

(3.24) ci(«;i#iZ;2)=0. 

Therefore (3.23) and (3.24) imply [z, wi] — [z, ■W2] by the definition of F-equivalence 
classes in (1.1). The converse is obvious. D 

Definition 3.6. Let Hi, H2 be two nondegenerate Hamiltonians and 7i be a 
homotopy between them. Let S(7i) C [0, 1] x R be the associated Cerf diagram. 

(1) We say that a point (77,0) G S(7Y) is a cuspiii] G Sing{Ti) an(iAH(i^){[z,w\) - 
a, and a generic cusp if the second derivative (PAh(jj){[z,'w]) at [z,w] has 
exactly onc-dimcnsional kernel. 

(2) We say that a point {r],a) G S(7-^) is a crossing if there are two different 
[zi,wi], [2:2, W2] £ CritAH(-rj) with 

a^AH(rj){[zi,Wi]) =AH{rt){[z2,W2]) 
f^H{ri){[zi,Wi]) ^ fiH{,i){[z2,W2]) 

and a nondegenerate crossing if it has the property that the corresponding 
branches intersect transversely. We denote by 

Cross'^'^iH) C [0, 1] 

the set of nondegenerate crossings. If there are exactly one such nondegen- 
erate crossing at rj, modulo the action of F, whose associated pair of critical 
points [zijWi], z = 1, 2 in addition, we call the crossing a generic crossing. 

We note that due to the action of F on the Cerf diagram, the set Cross"-'^{H) is 
a countable infinite subset of [0, 1]. We like to emphasize that Cross"'^{H) does not 
include the points (ri,a) with a ~ AHiTjjiizi^Wi]) = AH(r])i[z2,W2]) with different 
Conley-Zehnder indices. There exists a natural fiberwise action of the group F on 
S(7-^) under the projection 

TTi :E(H) C [0,1] xM^ [0,1]. 

With these definitions, we prove the following structure theorem of the Cerf bifur- 
cation diagram for a generic homotopy H. 
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Theorem 3.7. Let Hi, H2 be two nondegenerate Hamiltonians. Then there exists 
a dense subset 

V^''''f{nUM):H^,Hi) C P^''a{Hm{M):Ho,Hi) C P{Hm{M); Ho,Hi) 

such that for any element Ti G 'p'^'^'^t {Tlm{M); Hq, Hi) its associated Cerf diagram 
E(7i) satisfies the following list of the properties: 

(1) S(7i) is the projection of the one-manifold Z{TL), with boundary contained 
inTTf^fioW X {0,1} xK). 

(2) All the crossings are nondegenerate and unique modulo the action ofT. 

(3) There is exactly one cusp point (jj, a) unique, modulo the action of T, cor- 
responding to each point rj G SingiTi). 

(4) Sing(H) C\ Cross'"^(H) = 0. 

Proof. We denote the diagonal subset of Q,i^{M) x i7o(M) by A, and let 

A := 7r"^(A) C Oo(M) x Q.o{M) 
be its lifting to 51o(M) x rio(Af) under the projection map 
Q.o{M) X ho{M) -^ Oo(M) X f7o(M). 
We consider the spaces 

C2{M) := (f2o(M) X f2o(M)) \ A 

and 

£2(M) X P{H,n{M);Hi,H2) x [0,1] =: T. 
There is a natural product action by F x F on the product Oo(M) x ilo{M), which 
preserves the subset C2{M). 
We define the map 

^ -.T -> T{C2{M)) X [0, 1] X M 

by 

^{[zi,Wi], [Z2,W2],H,T]) ^(zi - XH{^)izi),Z2 ~ ^H(r,) (^2) , ?7> 

(3.25) ^ 

-4h(,,) ([21,^1]) -Ah{^){[z2,W2])J. 

Note that there is a canonical identification 

t(C2{M)) X [0, 1] X R = T{C2{M)) X [0, 1] x R 

as before and so we assume the image of ^ lies T{C2{M)) x [0, 1] x R. The image 
of the map ^ is invariant under the diagonal action F on T and so pushes down to 
the map 

(3.26) f : T ^ T{C2{M)) x [0, 1] x R 

where T := X/F*"^. In general T is not Hausdorff. Note that the quotient group 

pqMot ._ /p ^ pwpdiag 

naturally acts on the domain and on the range of the map ^, with respect to which 
* is equivariant: the action of (^1,^2) G F x F on T{C2{M)) x [0, 1] x R is given 

by 

(3.27) (^,77,0)^(^,77, a -a;(Ai#A2)). 
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It follows, again by a standard calculation of the linearization of ^, ^ is transverse 
to 

OTC^iM) X [0, 1] X {0} C TC2{M) X [0, 1] X M. 
In particular, wc know that 

(3.28) W :- -^-^OTc^iM) x [0, 1] x {0}) 

is a smooth submanifold of T. 
Now we consider the projection 

n : W C T ^ V{n„XM):Hi,H2). 

One can check that this is a Fredholm map of index 0. By the Sard-Smale theorem, 
there is a dense subset of Ti's such that as long as it is non-empty, 

is a smooth zero dimensional manifold. 

Furthermore by the dimension counting argument, one proves that the phenom- 
ena of multiple (with multiplicity more than 2) crossing or of having a nonempty 
intersection Sing{7i) fl Cross"'^{T-C) ^ generically have negative codimension and 
so can be avoided over a residual subset of V{T-Cm{M); Hi, H2), which we denote 

Now consider the map 

p : W{n) C C2{M) X [0, 1] -^ [0, 1] x R 
defined by 

(3.29) {[zi,wi],[z2,W2],ri) -f [r],AH{:q){[zi,wi])j 
for which the diagram 

Win) — > [0, 1] X R 
i i 

[0, 1] = [0, 1] 

commutes, and is cquivariant under the action of F''*"^ on W{Ti), and the ac- 
tion (3.15). The image of p is precisely the set of crossings in the Cerf diagram 
'E{Ti.). Now the theorem follows by making a choice of any homotopy 7i from 
r'''-f{'H^{M);Hi,H2). D 

For the completeness's sake, we would like to consider the slopes of the branches 
at a crossing. Note that nondegenerate crossing implies that their slopes are differ- 
ent. 

Suppose that [z^, w^] locally parameterizes a branch at 77 = ryo. The slope of the 
branch at 77 is given by 

^(^HW([2r„W^])). 

Using the fact that z^ is a Hamiltonian periodic orbit of H{ri), we compute 

-1- {AH{rj){[zn^'^n])) ^ dAH(n){[zn^'^n]) - / -^{t,Zr,{t))dt 

(3.30) '^'^ , ^° "^"^ 

--l^it,z,mdt. 
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We remark that the slopes of the branches of periodic orbits are the same as those 
of their hftings to f^o(M). 

Definition 3.8. Suppose that He, Hp arc two nondegenerate Hamihonians. We 
caU a homotopy Ti between them a Cerf homotopy or a Cerf family if Ti. satisfies 
the properties described in Theorem 3.7 and in Proposition 3.8. We caU a point 

rje[0,l]\Stng{H) 

Cerf regular. 

By definition, we have 

V'^''^^{nUM);Hi,H2) := V^<^{HUMy,Hi,H2) O VS^{n,n{M);H,, H2). 

From now on, wc wiU always assume that 7i is a Cerf homotopy, unless otherwise 
stated. 

For the later purpose, we introduce a concept of sub-homotopy, which will play 
a crucial role in our proof of the spcctrality. 

Definition 3.9. For each given pair r/i < ri2 G [0,1], we consider the homotopy 
'Hriiri2 of ^ between H(rii) and -ff (772) defined by the reparameterization 

(3.31) n^,^, -.s^H'^ H{{1 - s)f^, + sr,2). 

We call any such a homotopy TCrii-q2 ^ sub-homotopy ofH. When 771 > 772, we define 
the corresponding sub-homotopy by 

l^nim •= (" )n2iii 
where 7i^^ is the time reversal homotopy defined by 

n^^ -.ri^Hil-ri). 



§4. Sub-Iiomotopies and transversality 

J^.l. Definition of the Floer boundary map, re-visited. Suppose _ff is a nondegen- 
erate one-periodic Hamiltonian function and J be a one-periodic one-parameter 
family of compatible almost complex structure. We denote by 

j^ = C°°([0,l],J^) 

the set of such families of almost complex structures. We first recall the construction 
of the Floer boundary map and the transversality conditions needed to define the 
Floer homology HF^,{H, J) of the pair. We will also add some novel elements in 
the exposition of the construction, which are needed for our formulation of the 
transversality problem of sub-homotopies. 

The following definition is useful for the later discussion. 

Definition 4.1. Let z, z' G Pcr(_ff). We denote by 'n2{z,z') the set of homotopy 
classes of smooth maps 

w : [0, 1] X S*^ := T ^ M 
relative to the boundary 

u{0,t)^z{t), u{l,t)^z'(t). 
We denote by [u] G ■n2{z,z') its homotopy class and by C a general element in 

1T2{z,z'). 
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We define by 7r2(z) to be the set of relative liomotopy classes of the maps 

w : D^ — > M; wla/52 — z. 

We note that there is a natural action of tt2{M) on tt2{z) and tt2{z,z') by the 
obvious operation of a 'gluing a sphere'. Furthermore there is a natural map of 
C e TT2iz,z') 

{■)i^C : Mz) ^ Mz') 
induced by the gluing map 

More specifically we will define the map w^u : D^ -^ M in the polar coordinates 
(r, 9) of D^ by the formula 

/. 1^ n r m iw{2r,0) for < r < i 

(4.1) w#u:{r,e) = .' „ ' , f 1 ^ ^1 

I w(2r — 1,0) for ^ < r < 1 

once and for all. There is also the natural gluing map 

TT2iz0iZi) X 7r2(zi,Z2) -> 772(^0,^2) 
(ui,U2) ^ Ml#U2- 

We also explicitly represent the map uijj=ti2 : T ^ M in the standard way once 
and for all similarly to (4.1). 

Definition 4.2. We define the relative Conley-Zehnder index of C G 7r2(z, z') by 

(4.2) fiHiz, z'; C) = ^^H{[z, w]) ~ ^lH{[z\ w#C]) 

for a (and so any) representative u : [0, 1] x 5^ x M of the class C. We will also 
write iih{C), when there is no danger of confusion on the boundary condition. 

It is easy to see that the right hand side of (4.2) does not depend on the choice 
of bounding disc w of z, and so the function 

^iH ■■ iT2{z,z') -^ Z 

is well-defined. 

Remark 4-3- In fact, the function fj,^ '■ 712(2, z') -^ Z can be defined without 
assuming zq, z\ being contractible, as long as zq and z\ lie in the same component 
of ^(My. For any given map u : T ^ M , choose a marked symplcctic trivialization 

$ : u*TM ^ T X R2" 

that satisfies 

*°*"^l[04]x{i} ^id. 
We know that zo(0 ~ '/'if(Po) ^^nd zi{t) ~ 0//(pi) for pq, pi G Fix((/)^). Then we 
have two maps 

Q!$,i : [0, 1] -^ Sp{2n), i = 0, 1 
such that 

$od0*^(p,)o$-l(i,i,i;) = {i,t,a^4t)v) 

for V G M^" and t G [0,1]. By the nondegeneracy of H, the maps a<s,^i define 
elements in SP*{1). (See the Appendix A.l for the definition of 5P*(1).) Then we 
define 

Uniz, z'; C) := A*cz(a*,o) - A*cz(q;<i.,i)- 
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It is easy to check that this definition does not depend on the choice of marked 
symplectic triviahzations. 

We now denote by 

M{H,J;z,z';C) 
the set finite energy solutions of 

with the asymptotic condition and the honiotopy condition 

(4.4) m(-oo) = z, u{oo) = z'; [u] = C. 

Here we remark that although m is a priori defined on M x 5^, it can be compactified 
into a continuous map u : [0, 1] x 5^ ^> M with the corresponding boundary 
condition due to the exponential decay property of solutions u of (4.2), recalling 
we assume H is nondegenerate. We will call u the compactified map of u. By 
some abuse of notation, we will also denote by [u] the class \u\ G t:2{ztz') of the 
compactified map u. 

We now recall that the Floer boundary map 

di^H,j)\CFk+i{H)^CFk[H) 

is defined under the following conditions. (See [8], [lO].) 

Definition 4.4 (The boundary map). Let H be nondegenerate. Suppose that 
J satisfies the following conditions: 

(1) For any pair (zqi^i) C Per(iJ) satisfying 

Ijlh[zo,zi;C) = ^_H-([2o,wo]) - ^iff ([zi, wo#C]) = 0, 

A4 {H, J;zo,zi;C) ~ unless zq = zi and C — 0. When zq — z\ and 
C = 0, the only solutions are the stationary solution, i.e., u(t) = zq = zi 
for all r e K. 

(2) For any pair (zq^z\) C Pcr(_ff) and a homotopy class C £ Tr2{zo,zi) satis- 
fying 

Hh{zo,zi;C) = 1, 

M{H,J;zo,zi;C)/R is transverse and compact and so a finite set. We 
denote 

n{H, J; zo, zi; C) = #(7W(H, J; zq, zi; C)/R) 

the algebraic count of the elements of the space AA{H, J; zq, zi; C)/M. We 
set n(H, J; Zq, zi : C) = otherwise. 

(3) For any pair (zo,Z2) C Per(iJ) and C G t^2{zo,Z2) satisfying 

^iH{zo,Z2;C) = 2, 

M{H, J; Zq, Z2; C)/M can be compactified into a smooth one-manifold with 
boundary comprising the collection of the broken trajectories 

[ui]#oo[u2] 

where ui G M{H, J; zq, y '■ Ci) and U2 £ M{H, J; y, Z2 : C^) for all possible 
y e Per(iJ) and Ci G 7r2(zo,j/), C2 G TT2{y,Z2) satisfying 

Ci#C2 = C; [ui]GA1(i/,J;zo,2/;Ci)/M, H e A^(i/, J;2/,^2;C2) 
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and 

fiH{zo,y;Ci) ^ fiH{y,z2;C2) = l. 
Here we denote by [u] the equivalence class represented by u. 
We call any such J H -regular and call any such pair (H, J) Floer regular. 

The upshot is that for a Floer regular pair {H, J) the Floer boundary map 

d^di^Hj) ■.CF,{H)-.CF,{H) 

is defined and satisfies dd = and so the Floer homology HF{H, J) := ker9/im d 
is defined. For any given nondegenerate if, the set of iJ-regular J's is dense in j,^ 
under the assumption of semi-positivity. (See [8], [lOj for the proof.) We denote by 

the set of iJ-regular J's. 

4-2. Definition of the Floer chain map, revisited. Now we study the Floer regularity 
of the triple {T-t,j;p). We need to study an intermediate problem. Consider the 
pair (Hm,m) of maps 

Hr : R ^ C^([0, 1] X M) := n„^{M) 

JK : K -> juj 

that are asymptotically constant i.e., such that there exists R > Q such that 

H{t)=H{±^), j{t)=j(±^) 

for T with \t\ > R. To each such a pair, we associate non-autonomous analog to 
(4.3) still with the condition (4.4). 

Definition 4.5 (The chain map). We say that (Hk, Jr) is Floer regular if the 
following holds: 

(1) For any pair zq G Per(i7o) and zi C Pcr(i?i) satisfying 

f-nwXzo^zi'jC) = 0, 

Ai{7iM,JM] Zq, zi;C) is transverse and compact, and so a finite set. We 
denote 

n{nTs.,M;zo,zi;C) = #(X(Hr, jr; zq, ^^i; C*)) 

the algebraic count of the elements in A^(7Yr, jr; zq, zi;C). We set n{TiM, .JR', zq, z\ 
C) = otherwise. 

(2) For any pair zq G Pcr(i7o) and z\ G Per(iJi) satisfying 

a*Wb(2o,^2;C) = 1, 

M{H, J; Zq, Z2; C) is transverse and can be compactified into a smooth one- 
manifold with boundary comprising the collection of the broken trajectories 

Ul#oo'"2 

where 

(mi,W2) GM(HR,JR;zo,y : ^i) x M{H{oo),J{oo);y,Z2 : C^); 

tJ-Hs{zo,y;Ci) = 0, HH{y,z2;C2) = 1 
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or 

(ui,U2) eM{H{-oo),J{-oo);zo,y : C^) x A1(Hr, jr; y, 22 : Ci); 

MWi(^o,y;Ci) == 1, fj.H{y,z2;C2) = 

and Ci#C2 = C for all possible such y G Pcr(iJ) and Ci G TT2{zo,y), 
C2 G 7r2(j/, Z2). 

We say that (T^r, jr) are Floer regular if it satisfies these conditions. 

Again for any fixed TYr, the residual property of jr's for which (TYrjJr) are 
regular is well-known /or the semi-positive case. (See [H], [lOj.) 

Now suppose that 7i is a homotopy connecting two nondegenerate Hamiltonians 
Hq and Hi. We denote 

the set of smooth one-parameter family j — {J(s)}o<s<i with J{s) G ju). We define 
a function p : M ^ [0,1] of the type 

f for r < -R 

pyT) — \ 

^ ' \l iOYT>R 

for some i? > 0. We call p a monotone cut-off function if it satisfies p'(t) > for 
all t's in addition. 

Each such pair (7i, j) and a cut-off function p define a pair 

HM^Hf, M = .f 

where T-f is the reparameterized homotopy Ti.'^ = {HP}rem. defined by 

T^HP{T,t,x)^H{p{T),t,x). 

We call W the p-elongation of Ti or the p-elongated homotopy of T-t. The same defi- 
nition applies to j. Therefore such a triple {Ti.,j;p) associates the non- autonomous 
equation 

[limr^-oo'u(T) = z^ ,liinr^oo u{t) = z+ 
with the boundary condition 
(4.6) u(— 00) = zq, u{oo) = zi. 

We denote by 

M{{H,j;p);zo,zi;C) 

the set of finite energy solutions of (4.5)-(4.6) satisfying the topological condition 
[u] = C in 712(20, zi). We say that {T-i,j;p) is Floer regular if the p-elongation 
{'H'',j'') is Floer regular in the sense of Definition 4.5. 



26 YONG-GEUN OH 

4-S. Transversality of sub-homotopies. With these preparations, we now launch 
our main study of the transversahty question on the sub-homotopies of a given pair 

in,j). 

Let TC he a. Cerf homotopy and j G 'P{jco) be given. As for the homotopy Ti of 
Haniihonian functions, we define the sub-homotopy j^ri' by 

(4.7) se [0,1] H^ J((l-s)?7 + sry') 

for each given < 77 < r/' < 1. When rj > rj' , we define 

The main purpose of the present section is to study the question whether one can 
define the Floor chain map 

h^^,r,'■,p)■■CF,{H{^))^CF,{H{l^')) 

for sufficiently many points of rj' G [0, 1], when there are given a generic homotopy 
(H, j) and a Cerf regular point rj e [0, 1]. 

The following theorem is the main theorem in that regard. 

Theorem 4.6. Let H G P'^''^^^{Hm{M);Ha,H/}) be a Cerf homotopy connecting 
two nondegenerate Hamiltonians Ha, Hp. Let J^, i — a., (3 {Hi, Ji) be Floer regular 
and fix a cut-off function p : M ^ [0, !]• Then we have the following: 

(1) There exists a dense subset 

7'*™"(j.;H)cP(j.) 

such that for any element j from 'P^^'^"'{juj','H) there exists a residual subset 
of [0, 1] containing {0, 1}, denoted by 

I{H,j)c[0,l], 

at each point rj of which the pair {H{ri), J{r])) is Floer regular. 

(2) For any rj G I{T-i,j), there exists a residual subset 

such that for any j G V^'^^{ju]',H.;rj) there exists a residual subset 

L{n,j;v)ci{n,j)c[o,i] 

such that for any r/' G I{T-i,j;ri) the triple 

yrtriri' , Jrirj'', P) 

is Floer regular and hence the Floer chain map 

/!(«,,, j„v;p) •== hn"^^,,:!'^^,) ' CF*{Ho) ^ CF^{Hi) 
is defined and satisfies 

The rest of the section will be occupied by the proof of this theorem. We fix a 
Cerf homotopy Ti and a cut-off function p. 

We consider the case (1) first. For each fixed zo £ Pcr(ifo) and zi G Per(iJi), 
and a class C G 'K2{zo,zi), we consider the space 

C°°(zo,zi;C) := {m : M X 5^ ^ M I usatisfies (4.6) and E^h,j){u) < 00} 
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and its VF^'^'-completion with respect to a suitably weighted Sobolev norm on 
C°"{zo,zi;C). (See [5]-) We denote the corresponding weighted W^'P-space as 

W^'P{zo,zi;C). 

Then we consider the assignment 

(4.8) KJ)-g + J''M(|^-X^.(..(u)) 

as a section of a vector bundle S{zo, zi;C) over W^'P{zo, zi; C) x j^^ whose fiber is 
given by 

LP{zo,zi;C) ■.^LpUP'\u*TM)\. 
We denote this section by 

(4.9) Oh ■■ W^''^(zo, zr,C) x j^ ^ f (zq, zi; C), 

and denote by the zero section of the vector bundle £{zq, zi\C). Then it is well- 
known [5], [8] that the covariant linearization of du is surjective and so the zero 

set 

(4.10) M{H; zo, zi; C) := {^Hr\0) C W^'P{zo, zi; C) x j„ 

is a smooth submanifold whose image is indeed contained in C°°{zq,zi;C) x j^^. 
Furthermore the projection 

(4.11) ^{H,zo,z^;C) ■■ M{H; Zo, zi; C) ^ j^ 

is a Fredholm map of index ij,h{C). By the Sard-Smale theorem, the set Jlf^{H) C 
juj is a residual subset and so dense. 

To prove (1), we consider j : [0, 1] — > j^ with j(0) = Jo and j(l) = Ji. Then 
applying the Sard-Smale theorem, it is enough to consider the set of smooth paths 
j : [0,1] — > jui that are transverse to Tl(^H.zgzi:C) for all triple (zo,zi;C). Since H 
is assumed to be nondegenerate, there are only finitely many pairs (zq, zi) and so 
only countably many possible triples (zo, zi; C). We denote by 

7'*™"(j^;H) 

the set of such j — {J(?7)}o<jj<i. Then 

Min,j;zo,zi;C):^ [j M{H{7]), J{tj);z„, zi;C) C [0,1] ^ W^-^izo, zi;C) 

'J6[0,l] 

is a smooth manifold of dimension ^h{C) + 1. There is a canonical projection 

By the classical Sard theorem, the set of regular values of ttj, denoted by I{T-i,j) C 
[0, 1], is residual and so dense. This finishes the proof of (1). 
For the proof of (2), we first note that there is a natural map 

Sub^ ■.Vij^)x [0,l]-^P(j^) 

defined by taking the sub-homotopy 

(4.12) Sub^{j,l]') = jjjrj'-, j^r,'{s) ■■^j{{l- S)'n + ST]'). 

We need to study Floer regularity of the triple 

[rirjj]' , Jrjri'] Pj- 
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Fix an clement j G V*^"'"{juj;TC). Note that by Definition 4.5, the triple {'Hrj-q,jrfq] p) 
is Floer regular if j G 7'*'"°"''(jt^;?i) and if the corresponding moduli spaces satis- 
fying 

except when z — z' and C ~ Q. In particular, the arc only a finite number of moduli 
spaces to consider, each of which consists of a single stationary element. 

Since the structure of the set Per(7J(?7')) will vary as rj' changes, we need to find 
a way of encoding the asymptotic conditions of (4.5) corresponding to {Ti-riri' ,jriri') 
as rj' varies. For example it may experience bifurcations as rj' changes. Here enters 
again the property of Cerf homotopy Ti in a crucial way. 

We partition [0, 1] into 

= So < Sl < S2 < • • • < Sfci = 1 

where Sing{T-i) = {si,...,Sfe}, and denote /„ ~ (s„_i,s„). Since a bifurca- 
tion of periodic orbits occurs only at the points s„, we can smoothly param- 
eterize Per(_ff(77)) on each /„. For each given pair {n,n') and a pair of points 
[rj, rj') E In '>< In' , we denote by (z, z') the pair of branches z — z{ri) for rj E In and 
z' = z'{ri') for rj E In' ■ For each given such a pair, we denote by 

(4.13) M:,'{{H^^,j^^;py,z,z';C) 

the corresponding moduli space of solutions of (4.5). Therefore we need to consider 
only a finite number of possibilities. To study the transversality of (4.13), we need 
to set up the Fredholm theory for each given (n, n'; z, z') and a given C G t^2{z^ z'). 
Let rj G [0, 1] be given and 77 G /«, and fix another interval /„/. We consider the 
assignment 

(4-14) 9(„;„) : (",.?,??') ^ a(„^^,,,^^,.p)(w) 

for rj' G In' ■ The linearization is surjective as before and so the universal moduli 
space 

{^(H:.n)y'm^-Mi{n-,p-,z,z'-c) 

is a smooth submanifold of 

C°°(Rx5'^z,z';C) y.V{j^) x /„.. 
The projection map 

(4.14) \ln--Mi{H;p;z,z'-C)^V{j^) 

is a Fredholm map of index ji-h , [C) -I- 1 in general. We need to study the cases 
l^nwi^) — and p.-}i , (C) = 1. We will provide the details only for the case 
f^n , (C) — and leave the other case to the readers. 

Again by the Sard-Smale theorem, the regular values of H-j-c is residual for each 
choice of (n', z'; C) with C G t^2{z, z'). We define by 

^'^"'(jc.;^;^) 

the intersection of the sets of regular values over all possible (n', z'; C) and P*'"°"(jcj; 'H). 
Certainly we have 

^^"'(jc.;H;77)c7'*™"(j.;H) 
and is a residual subset of Vij^^), since there are only countably many choices of 
{n',z'-C). 
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By the definition of V^^ijuj', 'H\rf), the preimage 

(4.15) n„'(j)- U A^;f((?^,,,,j,,,;p);z,z';C)cC°°(z,z';C)x/„, 

is a smooth manifold of dimension 1 for each given n' , which forms a fibration over 
/„'. We denote by 

(4.16) <':n-i(j)-/„' 

the natural projection map. Denote by Il^^[n\ the set of regular values of tt^ . 
Then we have only to define I{Ti.,j; rj) to the union 

/(H,j;r7):=u:;LiC^W. 

This proves the proof of (2) and so the theorem. 

Similar discussion applies to the case fx-H , (C) = 1 and omitted. 

§5. The composition law of Floer's chain maps, revisited 

In this section, we will re-examine the well-known composition raw 

(5.1) haj = hpj O haf3 

of the Floer's canonical isomorphism [5] 

(5.2) Kp : HF,{H^) ^ HF,{Hp). 

We first carefully review this construction in the chain level. Although the 
isomorphism (5.2) in homology depends only on the end Hamiltonians Ha and Hp^ 
the corresponding chain map depends on the homotopy Ti — {-ff (7/)}o<r;<i between 
Ha and Hfj, and also on the homotopy j — { J(?7)}o<77<i- Let us fix nondegenerate 
Hamiltonians Ha, Hp and a homotopy Ti between them. We also fix a homotopy 
j = { J(77)}o<r)<i of compatible almost complex structures and a cut-off function 
p : K -^ [0; !]• The Floor chain map is defined by considering the non- autonomous 
equation 

[limr^-oo u{t) = z^, limr^oo u{t) = z+ 

with the condition that ui+ and w^^u are homotopic to each other relative to the 
boundary. We denote this condition by 

(5.4) w'^ ~ w^^u. 
One consequence of (5.4) is 

[z^ , w^] = [z^ , w^ ^u] in r 

but the latter is a much weaker condition than the former. The asymptotic condi- 
tion with (5.4) is equivalent to (4.6) corresponding to the class C = [u]. 

Considering any such solution u as a path in the covering space f2o(-^)j we will 
also write the asymptotic condition as 

(5.5) lim m(t) = [z~,w~], lim u(r) = [z^,w^]. 

T — > — CXD r — *oo 

h{n.i;p) has degree and satisfies 

(5.6) 9{J\H^) ° h^-H^j-p) = h(u,j-p) o 9(jo_^0). 
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In general two such maps ft.(-H.j;pi) and h^-j-ij.p^-^ are chain homotopic to each other 
in the sense of (5.7) below. In the end of this section, we will carefully study the 
dependance of this chain map on the cut-off functions. 

Remark 5.1. One may directly consider the M- family of Hamiltonians that are 
asymptotically constant as some literature do, which may remove the additional 
choice p in the construction and be more natural in the point of view of Hamilton- 
ian fibrations. However in this paper we prefer to use our approach because the 
usual homotopy is defined over [0,1]. Composing the homotopy with the cut-off 
function p : M — > [0, 1] automatically makes the corresponding elongated homotopy 
asymptotically constant, which is a necessary requirement for the many parts of 
analysis of the perturbed Cauchy-Riemann equation: e.g., the gluing theorem and 
the index theorem of the solutions of the perturbed Cauchy-Riemann equation. In 
fact, using the cut-off function, we can consider the elongation of the sub- homotopy 
TLriri' of a given homotopy (7i, j) in one step by considering the functions p of the 
type satisfying 

for T < -R 




We will elaborate this point elsewhere. 

When we are given a homotopy (j, H) of homotopies with j = {Jk.}, Ti- — {Hk}, 
we also define the elongations W of TYk by a homotopy of cut-off functions p — {pn}'- 
we have 

'W = {H(J''}o<K<i. 

Consideration of the parameterized version of (5.3) for < k < 1 defines the chain 
homotopy map 

which has degree -1-1 and satisfies 

(5.7) ^(ii,Wi;pi) -h(JQ.7ia:po) ^ d^^ji ,m) o Hj^+ Hj^o d(ja H«). 

Again the map 7i^ depends on the choice of a homotopy j and p — {Pk}o<«;<i 
connecting the two functions po, Pi- Therefore we will denote 

^w = -^(WJ;p)• 
(5.7) in particular proves that two such chain maps (5.2) for different homotopies 
(JOtHo', po) and (ji,7ii;pi) connecting the same end points are chain homotopic 
[5] and so proves that the isomorphism (5.2) in homology is independent of the 
homotopies (H,j) or of p. 

Now we re-examine the equation (5.3). The key analytic fact in the proof of 
(5.6) or (5.7) is an a priori upper bound of the energy 



1 



oo Jo 



du 



Ei^n.,.^p){u) := - / / — + XH.ir,{u) 



Or 



jpi^) 



du 



dt 



2 

dtdr 



for the solutions u of (5.3) with (5.4). In this respect, we recall the following 
standard identity. 
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Lemma 5.2. Let (7i, j) be any pair as above, not necessarily generic. Suppose that 
u satisfies (5.3), has finite energy and satisfies 

lim u{t^) = [z^,w^], lim u{t^) = [z^,w^] 



J-^OO 



for some sequences r- with r — 
(5.8) 

Af{[z+ ,w+]) - Ah{[z ,w ]) 

du 2 



-cxD and r ^ cxd. Then we have 



dr 



JPiM 



/'•'•Kf^ 



s=p{t) 



{t,u{T,t))) dtdr 



Corollary 5.3. Let {'H,]) and u be as in Lemma 5.2. 

(1) Suppose that p is monotone in addition. Then we have 

du 2 '•1 



(5.9) Af{[z+,w+])-Ah{[z-.w-])<- 



dr 



JPiM 



— mm 



V ds 



dt 



(5.10) 



< / — mill 

X. s 



'OH, 



(f^) 



dt. 



And (5.10) can be rewritten as the upper bound for the energy 
du 2 



(5.11) 



dr 



jpiM 



< Ah{[z+ ,w+]) - Af{[z- ,w-]) 



— mm I —- — dt. 
Q x,s \ ds J 



(2) For a general p, we instead have 
(5.12) Af{[z+,w+])-Ah{[z-.w-])< 



du 



JPiM 



max 

X, s 



dm 



ds 



dt 



(5.13) 



< / max 

X, s 



dHf 



ds 



dt. 



And (5.13) can be rewritten as the upper bound for the energy 
du "^ 



(5.14) 



dr 



jpi(^ 



< Anilz-^ ,w+]) - Af{[z- ,w-]) 



max 

X. s 



dm 



ds 



dt. 



Proof The proof is an immediate consequence of (5.8) and omitted. 



D 



Here we would like to emphasize that the upper estimates (5.10)-(5.11) or (5.13)- 
(5.14) do not depend on the choice of j or of p, but depend only on the homotopy 
n itself. 

Motivated by the upper estimate (5.10), we introduce the following definition 
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Definition 5.4. Let H. = {H{s)}o<s<i be a homotopy of Hamiltonians. We define 
the negative part of the variation and the positive part of the variation of Ti. by 



/•l , n TTS . 

E-{H) := / -uAn{—^]dt. 
Jq x,s \ ds ) 



And we define the total variation E{T-l) of Ti. by 

E(n) = E-{H) + E+{n). 

If we denote by Ti^^ the time reversal of Ti, i.e., the homotopy given by 

H-^ -.sE [0,1] ^H^'" 
then we have the identity 

E^{n-^)^E^{n) and E{n-^) ^ E{n). 

With these definitions, appfied to a pair (H, j) such that their ends H{0) and H{1) 
are nondegenerate, the a priori energy estimate (5.11) can be written as 

(5.15) /^ ^<-Af{[z+,w+])+Ah{[z-,w-]) + E-{H) 
for a monotone p, and (5.14) as 

(5.16) /^ ^<-Af{[z+,w+])+Ah{[z-,w-]) + E{H) 

for a general p. 

Note that when Ti. is the linear homotopy 

H'"' : s ^ (1 - s)Hi + sH2 

between Hi and H2, E^(n) and .^(H) just become E^{H2 - Hi), and \\H2 - Hi\\, 
respectively: We recall the definitions 

E-{H)= I -minHtdt, E+{H)= / maxHtdt 
Jo ^ Jo ^ 

\\H\\= E+{H) + E-{H)= / (maxi/t-minHt)di. 

Jq X X 

Therefore, taking the infimum of E(H) over all H with fixed end points H{0) = Ho 
and H{1) = Hi, we have the inequality 

inf {E{n) I H{0) - Ho, H{1) = Hi} < \\Hi - Ho\\ 

which is a strict inequality in general. It seems to be an interesting problem to 
investigate the geometric meaning of the quantity in the left hand side. This will 
be a subject of the future study. 
Next, we consider the triple 

{Ha, Hfj, Hj) 
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of Hamiltonians and homotopics Tii, 0.2 connecting from Ha to Hp and Hp to H-y 
respectively. We define their concatenation 7^i#7Y2 = {Hs{s)}i<s<i by 

"'^■'^ - \H2(2s - I) !<.<!. 

From the definition of E and E for the homotopy TC above, we immediately have 
the following lemma 

Lemma 5.5. All E and E are additive under the concatenation of homotopies. 
In other words, for any triple (Ha, Hp, H^) and homotopies Tii, TL2 as above, we 
have 

E^{Hi#n2) = E^iUi) + E^{n2). 

The same additivity holds for E. 

Next we note that due to the choice of the cut-off function p, the continuity 
equation (5.3) is autonomous for the region \t\ > R i.e., is invariant under the 
translation by r. When we are given a triple (Ha, Hp, H^), this fact enables us 
to glue solutions of two such equations corresponding to the pairs {Ha,Hi3) and 
{Hp,H^) respectively. 

Now a more precise explanation is in order. For a given pair of cut-off functions 

P= {Pl,P2) 

and a positive number i? > 0, we define an elongated homotopy of Ti.i=f^7i2 

Wl#(p;i?)W2 = {^(p;_R)(''')}-oo<T<oo 

by 

..17^ rr ( , ^ \H^{pi{T + 2R),t,x) T<0 

(5.17) H(p.R){T,t,x) - 



H2{p2{T-2R),t,x) T>0. 



Note that 



for T< -{Ri+2R) 
(5.18) H^p.R^ = {Hi3 ioT -R<T<R 

for T > i?2 + 2i? 

for some sufficiently large Ri, R2 > depending on the cut-off functions pi, p2 
and the homotopies Tii, Ti.2 respectively. In particular this elongated homotopy is 
always smooth, even when the usual glued homotopy Hi 7^ 7^2 niay not be so. We 
define the elongated homotopy jii^(p-R)J2 oi jii^J2 in a similar way. 

For an elongated homotopy {jii^(p:R)J2, '^iif{p.R)'^2), we consider the associated 
perturbed Cauchy-Riemann equation 




(5.19) 

JimT-^_oo u{t) = z , limT-^oo u{t) = z+ 

with the condition (5.4). The following lemma will be used later. 

Lemma 5.6. Let Ha, Hp, H-^ be given, and let Tii for i ~ 1, 2 be homotopies 
between them respectively. Fix a generic homotopies ji for i = 1, 2. For any given 
pair p — {pi, P2) of monotone cut-off functions and a positive number R > 0, we 
consider the elongated homotopy 

Jl#(p;R)J2 = {J{p;R)iT)}TeM, 'Hl#[p.R)'H2 = {i?(p;fl) (t)}^£R 
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defined as above, and the associated equation (5.19). Then for any finite energy 
solution of (5.19), we have the inequality 

f du "^ 

(5.20) ^ff fuM)-^Hju(-oo))<- / — +{E-{ni)+E-{n2)). 



dr 



■h.p;n){T) 



This can be rewritten also as an a priori energy bound 

du '^ 

< --Ah-, (w(oo)) + Ah^ (w(-oo)) 



(5.21) 



dr 



Jip:n.){T) 

+ {E-{Hi) + E-{n2)). 



Proof. This is a special case of Lemma 5.2 because 

E-{ni#n2) = E-{ni) + E-{n2) 

from Lemma 5.5, and 'Hi4t^{p:R)'H2 ~ {^(p;-R) (''")} itself is an elongation of the 
homotopy Ti.i=f/=Ti.2 corresponding to the cut-off function 

(5.22) P{r) = \\ 



ipi(r + 2i?) T<0 



,^2 -r ip2(T-2i?) r>0 

which remains monotone when pi, p2 are monotone. D 

Now let Ml and U2 be given solutions of (5.3)-(5.4) associated to pi and p2 
respectively. If we define the pre-gluing map ui#flU2 by the formula 

ju,{T + 2R,t) for T<-R 

Ul#RU2{T,t) = i 

I U2{t — 2R, t) for T > R 

and a suitable interpolation between them by a partition of unity on the region 
~R < T < R, the assignment defines a diffeomorphism 

(5.23) (ui,U2,-R) -^ Wl#_RM2 

from 

M{ii,'Hi;[zi,wi\,[z2,W2\\ X 7Wh2,'H2; [z2, W2], [z3,W3]j x(i?o,oo) 

onto its image, provided Rq is sufficiently large. Denote by dm_j.p\ the correspond- 
ing perturbed Cauchy-Ricmann operator 



du pir)(du \ 



acting on the maps u satisfying the asymptotic condition imposed in (5.19) and 
fixed homotopy condition [w] = C € 7r2(2;~, 2;+). By perturbing Ui#/jM2 by the 
amount that is smaller than the error for ui^rU2 to be a genuine solution, i.e., less 
than a weighted L^'-norm, for p > 2, 

P(Wj;p)(wi#(p;fl)M2)||p 

in a suitable weighted W^-^ space of u's (see [SJ [5]), one can construct a unique 
genuine solution near ui^rU2. By an abuse of notation, we will denote this genuine 
solution also by mi#/?M2- Then the corresponding map defines an embedding 

M(ji,'Hi;[zi,uji],[z2,vu2]] x 7Wh2,H2; [22, W2], [23, W3] j x(i?o,oo)^ 

^ M[jl#{p.R)J2,Ul#{p.R)n2; [zi,Wi], [Z3,W3\ 



FLOER MINI-MAX THEORY 35 

Especially when we have 

fJ-H(i{[z2,W2]) - fiH^ii^l^Wi]) = fJ.H^{[z3,'W3]) ~ fJ^ H ^ {[z2 , W2]) = 

both M{ji,'Hi; [zi,wi], [22,^2]) and M{J2,'H2; [2:2,^2], [^3,^3]) are compact, and 
so consist of a finite number of points. Furthermore the image of the above men- 
tioned embedding exhausts the 'end' of the 



M [il#{p:R)J2, Hl#(p;fl)W2; [zi,Wi], [23, tWs] 

and the boundary of its compactification consists of the broken trajectories 

■"l#(p;oo)W2 = '"l#ooU2- 

This then proves the gluing identity 

(5-24) ^Wl#(p;B)W2 = h(Hv,Pl) ° h'H2\P2) 

(modulo any filtration order we want) for a sufficiently large i? > 0, suppressing the 
j-dependence. Here we remind the readers that the homotopy Ti.i^(p-ii)Ti,2 itself is 
an elongated homotopy of the glued homotopy 7ii#W2- 

Now we study the chain map h(j-ij.p-^ more closely, and compare the maps for 
two different choices of the cut-off function p in relation to the level changes of the 
transferred Floer cycles. Suppose that pi and p2 are two cut-off functions. We 
choose a one-parameter family 

K i-> [0, 1] -> (1 - k)pi + Kp2 ■■= p{n) 

and consider the homotopy of homotopies of Hamiltonians 

{k,t)^H{p{k){t),;-). 

By considering the family j and TL associated to this homotopy, the chain homo- 
topy map HrjTjq^-x is constructed by counting solutions of (5.3) at non-regular, but 
parametrically regular parameters k. We will elaborate this remark in the proof of 
the following main result in this section. 

Proposition 5.7. Let (7i,j) be a given homotopy between {H^,j'^) and 
(H^,J^). Let pi, p2 be two cut-off functions and p be the homotopy (5.24) be- 
tween them. Let (jjli.) be the associated homotopy of homotopies over k G [0,1]. 
Then we have 

hiH,r,pi) - h(H,r..P2) = d(.n,m) o H(^-^-^ + H^-^j--^ o 9(,/o,//o). 

Furthermore the inequality 

(5.25) Xm {H^^-.-p) (a)) < A^o (a) + E{n) 

holds for any Floer cycle a of {J^ , H^). 

Proof. It remains to prove (5.25). The map Hr-^jj-^ is determined by the number 
of the pairs 

(k, u) 
(See [8]) where k e (0, 1) and m is a solution of 

[lim^^_ooU(T) = Z^,\imr^ooU{T) = z + 
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satisfying 

Therefore we can estimate the level change 

applying (5.8) for the function p = p^ = (1 — k)pi + k/32- Once we have this, (5.25) 
follows in the same way (5.16) was derived. This finishes the proof. D 

§6. Structure of Novikov Floer cycles in a Cerf family 

In this section, we prove a general structure theorem. Theorem 6.9, of Novikov 
Floer cycles for any Cerf homotopy Ti = {H{rf)} of Hamiltonian fmictions. 

Let H be any one-periodic Hamiltonian and consider the perturbed Cauchy- 
Riemann equation 

for a generic J . We call a solution u stationary if it is r-independent. We define 

( f du ^ ^ 

-^{J,H) '■= iiif -^ / TT- u satisfies (6.1) and is not stationary >. 

The positivity of Atjjj\ is an easy consequence of the Gromov compactness type 
theorem (see [T^ for details of such a proof) . 

We also introduce the following invariant of a compact family K C JTL; of com- 
patible almost complex structures. Let 

K; [0, 1]" ^ X 

be a n-parameter family in the C^-topology, and define A{ll>; K) be the constant 

(6.2) Aiuj;K)= inf { Aiu , J (k))} . 

This is always positive (see [19j for the proof in a similar context), and enjoys the 
following lower semi-continuity property. 

Proposition 6.1. A(ll}'^K) is lower semi- continuous in K. In other words, for any 
given K and < e < A{uj] K), there exists some S = S{K, e) > such that for any 
K' with \\K' - KWc'i <S we have 

A{uj;K') > A{uj;K) - e. 



Proof. The arguments used in the proof of this proposition is similar to the one 
used in [19l section 4]. 

Suppose to the contrary that there exists some < e < A{u!; K) for which there 
are sequences 5k ^ Q, Kk with \\Kk ~ K\\ci < Sk and 

A{uj;Kk) <A{lj;K) -e 

for all k. By the definition of A{lli; Kk), this implies that there exist non-constant 
Jfe.f^-holomorphic spheres Wk for tk G [0, 1] such that we have 

(6.3) Q<Ej,^,(wk)<A{Lj;K)^e. 
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By choosing a subsequence, we may assume that tfe -^ too £ [0, 1] and Jk,tk ^ Jt^ 
in the C^-topology. By the energy bound (6.3) for Wk and since Kk -^ K in the 
C^ topology, we can produce a Joo-holomorphic map 

Woo = y^Woo,i; 

whose total energy satisfies 

(6.4) Ej^^{w^)<A{u:-K)-e. 

Then by definition of A{ijj-,K), (6-4) implies all the components of Woo must be 
constant. By choosing a subsequence if necessary, it follows that Wk converges to a 
constant map, say p G M, in the C-^-topology, and also 

k — >oo ^ 

In particular, the image of Wk is contained in a (contractible) Darboux neighbor- 
hood U oi p and so we have 

/ wluj = 0. 
On the other hand, by the compatibility of Jk^t to w, we also have 

which in turn implies Ej^ ^ (wk) — for all sufficiently large k. But this contradicts 
the assumption that Wk are nonconstant. This finishes the proof. D 

By a similar argument, we prove the following proposition. 

Proposition 6.2. Let (J, H) be a pair with H nondegenerate. Then for any given 
< e < rmn{A(^j H), A{u!; J)} , there exists some 62 = 52{J,H,e) > such that for 
any {J',H') with \\{J',H') - {J,H)\\c^ < 6 we have 

A(j',H') > min{yl(j_/j), A(w; J)} - e. 

Proof. Suppose the contrary that there exists some < e < min{A(j /^ j , A(lu] J)} for 
which there are sequences Sk -^ 0, {Jk,Hk) with \\{Jk,Hk) — {J, H)\\c°^ < Sk and 

A-h,Hk) < min{A(j_^),>l(a;; J)} - e 
for all k. By the definition of ^(j./f), this implies that there exist solutions Uk of 
(6.1) for {Jk,Hk) such that we have 

(6.5) < E^j^^H,){uk) <iam{A^j,H),A{u;;J)}-e. 

By the energy bound (6.5) for Uk and since (Jk, Hk) -^ (J, H) in the C°° topology, 
we can produce a cusp-trajectory 

Uoo = y^^oo,£ 

I 
of (6.1) for {J,H) with 

E(jM){'^oo) < mm{Ai^jH),A{uj:J)} - e. 

Therefore by the definitions of ^(j,_f/) and A{(jj; J), it follows that all the summand 
Uoo,e in Uoo must be trivial in that all the principal components are stationary and 
all the bubble components are constant. In particular, we have i?(j,/f)(woo) — 
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and Uk uniformly converges to a periodic orbit z^o of H in the (fine) C°^ topofogy. 
These then imply 

(6-6) lim E(^j^,H^){uk) =0. 

On the other hand, since we assume that H is nondegenerate and since we can make 
Hk arbitrarily C°°-close to iJ, by taking sufficiently large k, H^ are nondegenerate 
and there is a canonical one-one correspondence between Per(iJ) and Per(iJfc) for 
each k. In particular, there exists some /cq £ ^+ 8,nd ci > such that 

dco{z,z') > ci 

for any periodic orbits z ^ z' oi Hk with fc > feg. Since J^ ^ J in the C°° topology, 
this and (6.6) imply that all Uk must satisfy 

(6.7) Ufc(-oo) = Ufc(oo) : 

For otherwise it would imply that there exists C2 > independent of k such that 
^(Jk,Hk)i'^k) > C2 (See Lemma A. 3 for the proof of this statement), which would 
contradict (6.6). 

We now recall the following lemma from [T^ Lemma 4.5] 

Lemma 6.3. Suppose that u :M. x S^ ~* M is any finite energy solution of 

^ Xh{u)] = 




Ej[u)^j\^^\\< 



oo. 



that satisfies 

u(— oo,t) — u(oo,f). 
Then Lvgi u*uj converges, and we have 



Ej{u) — / U*LU. 

Jrxs^ 
Going back to our proof of Proposition 6.2, (6.7) and this lemma imply 

(6-8) E(j^,H,){uk) = / uluj. 



On the other hand, since Uk satisfies (6.7) and converges to a periodic orbit Zoo in 
the (fine) C°° topology, it defines a cycle homologous to the one dimensional cycle 
Zoo and hence / u^w — 0. In turn (6.8) implies we must have 

^(./fc,H,)(wfc)=0 

which contradicts the assumption that Uk are non-stationary. This finishes the 
proof. D 

For a choice of (H, j) with H G V^^''^ {nUM)\ 7?i, i?2), we define 

Nt{H,j) - {r; e [0,l]\5zng(H) | the pair {J{r^),H{'q)) 
(6.9) 

has a solution of (4.3) with the Fredholm index 0}. 

The following proposition was proved in section 4 (Theorem 4.6). We rephrase 
Theorem 4.6 (1) to manifest what the transversality means in a more concrete 
context. It provides a structure theorem oi Mt{'H,j) for a generic choice of j for a 
given homotopy Ti. We will consider only the case where 7i is a Cerf homotopy in 
the statement. 
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Proposition & Definition 6.4. Let H be a Cerf homotopy and JVt(H, j) be as 
above. Then for a generic choice of the homotopy j of almost complex structures, 
the followings hold: 

(1) At each rj e J^t{n,j), the equation (4.3)-(4.4) for {J, H) = {J{r]),H{r])) 
has exactly one pair z+, z~ G Per(H(ri)), and one non-trivial solution u 
connecting z which has Fredholm index 0. 

(2) Write J\ft{T-L, j) as an increasing union 

oo 

(6.10) Mt{H,])^ \jMtN{n,]) 

N=l 

where we define 

AftNCH, j) = {?7 G J\ft{7i,j) I the unique solution u 

satisfies E(^j(r,),H(r,)) < N}. 

Then AftN{7i,j) is a compact zero dimensional manifold for each given 
N G Z+ and in particular a finite subset of [0, 1] . In particular, there are 
only countably many such points rj £ [0, l]\Sing{7i). 
We call a corresponding homotopy {Ti, j) a Floor homotopy and call any point rj 
lying in [0, 1] \ {Sing{T-C} U Mt(Ti., j)) a Floor point of the Floer homotopy {Ti.,j). 

For a Floor homotopy (TC, j), tho Floor homology HF^, {H{rf), J{ri)) is woU-dcfined 
at any Floer point 77. Furthormoro the subset Sing{7i) U Mt{Ti., j) is at most 
countable and so the subset [0, 1] \ {Sing{Ti) Uj\ft{TC,j)) of Floer points in [0, 1] is 
residual and dense. 

Next we compare the levels of Novikov Floer cycles and of their boundaries. 
Suppose that 77, 77' are sufficiently close so that the associated pairs are defined. 
Let {z,z') be an associated pair of {H{rf),H{ri')). We denote by 

(6.11) M<'^^,{z,z'-[ull?]) ■.= M({H,„.,j^^r,p)-z,z' : [<"/]) 

the set of solutions u of (5.3)-(5.4) homotopic to the canonical cylinder m^"" relative 
to the boundary, and satisfying 

u(-oo) = z e Pct{H{i])), u{oo) = z' G Pcr(i7(r7')) 

A straightforward calculation using (5.9) gives rise to the following proposition 
whose proof we leave to the readers. 

Proposition 6.5. Let F and H he nondegenerate Hamiltonians and Ti be a ho- 
motopy between them. Fix any, monotone or not, cut- off function p. Let ui, U2 be 
solutions satisfying (5.3) with fixed asymptotic conditions 

Ui{— 00) = [z^,w~], Ui{oo) = [z^,w^] 

for some w^ and be homologous to each other in that the compactified torus mi#U2 
satisfies 

Ul#U2 ^ 0. 

Then we have 

(6.12) \E(n,r,P)M - ^(w,,;p)("2)| < Ein). 
In particular, when H = H, j = J, we have 
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Let rj G [0, 1] be a point for which H{ri) is nondegenerate. We then introduce 
the foUowing function 



(6.13) 



^m,){v,v') — max 

y"-'-!' Z,Z'U 



di 



dr 



JpM 



ueM'^^,{z,z';K7]), 



{z, z') is an associated pair > 



defined for rj' such that jry — r]'\ is sufficiently small and H{ri') is nondegenerate. 

And for a given rjoo G Sing{T-i), we consider the bifurcation pair (z+(?7), z^{ri)) 
for the pair {Jirj), H{rj)) as rj ^ rjoo G Sing{T-t). We define the function 

fill 2 >, 

M(z+(r;),z-(r;);[z.-"])} 



dr 



Jiv) 



u e 



(6.14) ^(^j.,,^)(?7) :==max 

defined for rj with |?7 — 7700 1 sufficiently small, where 

M{z+{rj),z-{rj): [u^"]) := M (h(t^), J(7?); z+(ry), z-(ry); [«' 



Proposition 6.6. Let rj, rj' be nondegenerate points such that \ri — ri'\ is sufficiently 
small and (z, z') be an associated pair such that A^J!L (z, z'; [u'^l^]) is nonempty for 
a cut-off function pi. Then there exists a function C('}-ij){r) depending only on 
{Ti, j) such that 

(1) C(^ j-){r) -^ as r ^ and 

(2) e^n.j)iv,v')<CinM\v-v'\)- 

Similar estimate also holds for the function i(j^j.jj\ uniformly overrjoo £ Sing{T-t). 



Proof. Let u G Al^^'(z,z'; [u^""]). Using the fact that u is a solution of (5.3), we 
derive 



(6.15) 



du 



dr 



^^^,^, < -AHW){[z',W#U-''''])+AHi^){[z,w])+E{nr,r,,) 



from (5.16). On the other hand, from the definition of the action functional, we 
have 

^H(,')([^''^#"'n)-- / ^- I H{7j'){t,z\t))dt 

AHi^){[z,w])^- io- H{rj){t,z{t))dt 

Jw Jo 

and so we get 
(6.16) 

AH{ri'){[z', U'#u'=n) - AH{ri){[z, w]) 

^- I (Hi7^')it,z'{t))-H{rj){t,z{t)))dt. 
Jo ^ / 

Substituting (6.16) into (6.15), we get 

9u 2 r rl 



(6.17) / 1^1^^^,,, < _^+ {H{r^')it,z'{t))-H{r,)it,z{t)))dt + E{n,,,). 
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This can be estimated above by 

(6.18) Area<,(u™r) + I y (^H{r^){t, z'{t)) - H(rj)(t, z{t))') dt\+ E{n^^,). 

On the other hand, one can easily estimate 

(6.19) distci{z,z')<Ci{\\H{r^')-H{T^)\\c2) 

for the associated pair (2, 2') with z G Pcr{H{ri)) and z' e Per{H{ri')) by a function 
Ci{r) such that C'i(r) ^ as r ^ 0. 

From the exphcit expression (2.6) of the canonical thin cylinder, (6.19) immedi- 
ately implies 

Aree.,{ull?) < Ci(||i/(r/) - H{fj)\\c2) < C^{\rj - rj'\) 

by another function Ci satisfying Ci(r) — > as r — > 0. On the other hand, (6.19) 
obviously implies 

'H{7j){t,z'it))-Hirj)it,zit)))dt <C2{\ri-rj'\) 



for a function C2 = C2 (r) with the same property. 

Finally since H is smooth and [0, 1] x M is compact, we have 

E{n,„y)<C3{\v-v'\) 

for some positive function C3 satisfying C3(r) ^ as r — > 0. Now, defining C(7^ j) 

by 

C(„,,)(r) = Ci(r) + C2(r) + C3(r), 

we have finished the proof. The statement about ^(h.j;^^) follows immediately from 
(6.17) and (6.19) applied to the case of 77' = ry and z' = 2^(77), z = z~{'q). Note 
that in the latter case, the term E{'Hrjri') drops out. D 

Now we are ready to state the main theorem of this section, which concerns 
a general structure of Novikov Floer cycles over a Floer homotopy (W, j). This 
theorem in particular says that for a Floer homotopy (W, j), if there is a Floer 
trajectory issued at a peak of the given Floer cycle, all such trajectories must be 
'long' uniformly over the interval [0, 1] in that its energy has uniform positive lower 
bound. We like to emphasize that such a property strongly depends on the cycle 
property of the chains. 

This theorem is closely related to the well-known picture arising in the First 
Cancellation Theorem in the Morse theory [T3]. More precisely, consider a one- 
parameter family of smooth functions fs such that /« , < s < 1 are all Morse but 
/i contains a unique degenerate critical points p. Let (p"'"(s),p~(s)) for s G [0, 1] 
with p"*" (l)=p~(l)bethe continuous family of cancellation pair of critical points of 
Morse functions fs of Morse indices of (fc-|-l, k) that appear in the First Cancellation 
Theorem [T3], the cancellation theorem implies that p"'"(s) cannot contribute to the 
(Morse) homology Hk+i{M). Once one gets rid of the critical point p~^{s), one can 
easily see that there is a constant ^ > 0, independent of s e [1 — e, 1) such that all 
the gradient trajectories issued at any critical point p have length greater than A. 
In particular, the level of the boundary d{p) is less than the level of p at least by 
A. 
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Theorem 6.7. Let rj e [0, 1] \ {Sing{'H) \jMt{H, j)) he any Floer point. Then there 
exist constants Si{T-i) > and A}^ ■, > independent of rj and [z,w], depending 
only on {'H,]), such that the followings hold : 

(1) if[z,w] e CritAHir,), [z',w'] E d(^H(r,),j(r,){[z,w]), and 

(6.20) Ahm{[z,w]) - AhmUz' ,w']) < Al^^^^ 
then we have d{ri,Sing{'H)) < 6i{7i) and 

(6.21) [z,w]^[z+{t]),w], [z',u;'] = [z-(r7),w#u"""]. 

(2) there exists another constant d < Si{7i) such that if d{rj,Sing{T-l)) < 6, we 
can write 9(j(,,i),H(,,,))([^;+(?7j), w+]) as 

(6.22) d{J{vi),H(n,))i[z^iVt),w:t]) = [z"(?7,), u;+#Ui] + A 
for a chain (3 satisfying 

^Hinm < AHM{[z-{ri),w#u^'^^] - Al^^^y 

(3) Furthermore the constant min{A}.i, .,,A(a;; j)} can be chosen to be lower 
semi- continuous in j. 

Proof. We first note that 

in general as the Floor boundary map always decreases the level. Furthermore if 
d{ri,Sing{Ti.)) > 6i, where d{ri,Sing{7i)) is the distance of rj to Sing{Ti.), Lemma 
A. 3 (or rather its proof) implies that there exists A — A{TC,j, Si) > such that 

■^H(rj){[z,w]) ~ AH(rj){[z',w']) > A 

for any [z,w] G CTitAH{r^) and [z'jw'] G d{[z,w]). 
Therefore from now on, we assume 

d{T],Sing{Ti)) < Si 

and so the associated bifurcation branches (z+(?7), z~{ri)) issued at one of the points 
in Sing{TC) are defined. We define 

Aln,j) :- inf[E^H(r,)j(r>)){u) | r/ G [0, 1] \ {Sing{n) UAAi(H,j)), 

0<d{ri,Sing{n)) < Si{n), 
u <^ M{n,j;p;z+{7j),z-{r^);[u'-"])}. 

By definition, A}^ s satisfies (6.20). The rest of the proof will show that Al^^ > > 
and Al.^ .. is lower semi-continuous in (H, j). 

Suppose that there exists a sequence rji G [0, V\\Sing{Ti) UjVt{H,j) with i]i -^ 
Voo G (0, 1) such that there exist critical points [zi,Wi\ G CriiAH^rn) and [^^i, w^] S 
d(J(rii)M(7H))^[zi,w^]) satisfying 

(6.23) AH(^,){[z^.w,])-AH(^,){[z[.w[])^Q. 

It will be enough to prove that (6.21) must hold under the given assumption, if i 
is sufficiently large. 

The rest of the proof will be divided into 5 steps. Step 1: i]oo G Sing{H). 
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Suppose to the contrary that ?7oc G [0,1] \ Sing{Ti.). Then the lower semi- 
continuity of A(^jf{) stated in Proposition 6.2 iniphcs 

for aU T] sufficiently close to rjoo- In turn this implies 

for any pair [z^, w^] ^ [^ijW^] for a-U sufficiently large. This contradicts (6.23). 
Step 2. 

By the definition of the Cerf homotopy ?i, there is exactly one birth-death or 
death-birth point at each r\ac £ Sing{7i). Then we can repeat the proof of Propo- 
sition 6.2 with minor modifications, and prove that except the critical points of the 
form [z+(?7), w], where 2+ (77) is the upper one of the bifurcation pair (z+(?7), z~~ (rj)) 
issued at 7700 as stated in Proposition 3.3, the levels of all other critical points are 
dropped down by a positive amount, say _B > 0, under the action by the boundary 
map d(^j(^ri),Hiri)), i-e., 

And B can be chosen to be independent of any given Floer point rj. This proves 
that [2;i,Wi] must be of the form [z^{rii),Wi]. 

Step 3: Finish-up of the proof of (1) 

We now analyze the term dH(rii){[z^{^i), Wi]). First, we claim that we have 
(6.24) AH(ru){[z''{Tli).w^]) - Ah(^^){[z,w]) >B 

for all the generators [z^w] e 9//(,,;)([z+(?7i), w^]), except possibly 

if we choose B smaller if necessary. We now make this statement more precise. 

Let {Hjj) be a Floer homotopy in the sense of Definition 6.4, and t] G [0, 1] be 
a Floer point. We denote by a a Floer cycle associated to {J{ri), H{rj)). Write 

Sing{H) = {si,.. ■,Sk^}. 

When d{ri,Sing{Ti.)) is sufficiently small, let (z+ (77), 2^(77)) be the bifurcation pair 
issued from a point Si G Sing{7i). We will prove the following lemma in the 
Appendix, which will finish the proof of (1). 

Lemma 6.8. Suppose [Ti.,]) and rj are as above. Let [z^{ri),w] be the generator of 
a having the highest level among the generators of the form [z^{ri),w]. Then there 
exists a constant B — B{T-t,j) > such that there exists S = d{7i,j, e) with 

< (5 < min ||si+i — sJ) 
i<i<fei-i 

such that for any rj with dist{ri,Sing{Ti.)) < 6, any element u in 

M(j{rj),H{r]); [z^{rj),w^], [z,w] 
satisfies 

E(.]{r,),H{-q)){u) > B 

unless [z,w] — [z^, Wi#M^°"]. 
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Step 4- Proof of (6.22). To prove (2), we first study the moduli space 

M(^J{v^),H{7^,y,[z+{rJi),w,],[z''{^J,),w,ifu'-"]) 

of solutions u of (6.1) in the class prescribed by the condition 

u{~oo) — 2:+, u(oo) = z^ , u;#u'^'"' ^ w=f^u. 

We first note that the estimate for ^ijijin^) in Proposition 6.6 implies that all 
the elements in this moduli space has small energy and so is 'localized' near the 
unique degenerate periodic orbit Zqo of H{rioo)- In other words, the image of all 
the elements u in M{J{r]i),H{r]i); [z^{r]i),w'^], [z~(?7i), w)+#u™"]) is contained in 
a small neighborhood of that of Zqo , which can be chosen as small as we want by 
choosing a sufficiently large i. 

Then by considering the standard bifurcation picture near a generic degenerate 
periodic orbit with respect to a suitable family J = { Jt}o<t<i of almost complex 
structures (see [HI E] for some relevant explanations), there exists such a family 
for which we have precisely one Floer trajectory Ui from z~^{r]i) to z~{r]i) that is 
homotopic to the canonical thin cylinder. We refer to [HI Theorem 9.9] for the 
precise statement and its proof. We like to remark that proving such a statement 
directly involves highly technical analytical estimates because it involves an analysis 
of the Floer moduli space near a degenerate Hamiltonian H{r]oo)- The proof was 
outlined in J5j by Floer himself and later completed by Yi- Jen Lee [11] . 

Once we have this analytical theorem at our disposal, applying the standard 
cobordism argument over a homotopy from the above mentioned J to our J{rii), 
we have proven that the matrix coefficient becomes 

(Here we remind the readers that in this paper we are assuming that (Af , w) is 
strongly semi-positive and so all the matrix coefficients of the basic operators in 
the Floer homology have integer coefficients. For the general (Af, w), this matrix 
coefficient may become rational numbers but will not still be zero.) Therefore we 
have 

(6.25) ^iJM.H(r,,))i[z+iv^),w,]) = [z-(r/0,m,#7/^n +/3. 
where (3i does not have [2^(77^), Wi^u"^""] as one of its generators. 
Step 5: Finish-up of the proof of (2) 

Now we estimate the level of Pi. But Lemma 6.8 implies 

(6.26) AH(rn)i[z^iv^),m]) - Ahm{[z,w]) > B 

for any generator [z,uj] e f3i where B = B{H,j). Combined with Step 4, this 
finishes the proof of (2). 

Step 6: The lower semi- continuity of A}^ ... 

The proof of the lower semi-continuity of minj^}.^ .,, A{lu;j)} in j can be pro- 
ceeded as the proof of proof of Proposition 6.2 and so omitted. This finally finishes 
the proof of Theorem 6.7. D 

Theorem 6.7 gives rise to the following proposition. 

Proposition 6.9. Let a ^ be a given quantum cohomology class and denote by a 
a Floer cycle with [a] = a . Then there exists < S3 < 61 with 63 = 5z{'H,j) such 
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that for any Floer point rj satisfying d{ri, Sing{T-C)) < 63 for any tight Floer cycle a 
of {H(ri), J{r])), any of its peaks cannot have the form 

[z+{r]),w] 

for any bounding disc w. 

Proof. Suppose to the contrary that there exists a sequence of the Floer points 
Vk — * Voo G Sing{TL) such that there exists a sequence of tight Floer cycles au whose 
peaks have the form [z^{r]k), Wk\- By the definition of Cerf honiotopies, there exists 
at most one such peak of the form [z+(7]fc), Wk] provided k is sufficiently large. We 
first derive 

(6.27) AH(,,fc)(9(H(,,fc),.7(^,))([2:+(»7fc),Wfe])) =^i/(^,)([z"(r7fc),Wfc#u'^n) 

from (6.25). Since [z+(?7fe), tcfc] is a peak of a^, we have 

and Proposition 6.5 implies 

(628) ■^H{^.)^[z-{Vk),Wk#u''''"]) > XHi„,){(^k) ~ i{n,j;r,o)i\Vk - Vol) 

= p{H{vk);a) ~i{'^,j;vo)i\vk -'?o|)- 

From the proof of Theorem 6.7 or more specifically from (6.24), we have 
(6.29) >^H{vk){d^H{r,k).Jir,k)){[z, w])) < p{H{Tlk);a) - B 

if z ^ z+(?7fc) where B is the same constant used in the proof of Theorem 6.7. On 

the other hand if z = z+ (77) , then obviously we have 

(6.30) 

>^H(^,)(d(H(rj,),J(^^)){[z'^{Tlk),Wk])) 

for any other [z^ [rjk) ^ w] ^ [2^(77/0), Wfc]. Therefore if we write 

9(77(^,),j(^,))(afc)=5(77(,,,),j(^,))([z+(?7fc),Wfc]) +a(H(,„),j(^,))(aj - [2;+(?7fc),Wfe]) 

(6.29) and (6.30) imply 
(6.31) 

XH{^^)(^(H{^^)J{^,)){a^ ~ [z+{rik),Wk]yj < Ah(.^,) (5(^(,,,)^j(^,))([z+(ryfc), Wfe])j . 

In particular, d(Hirjk)-J{vk)i'^k) cannot vanish which contradicts that ak is a cycle. 
Hence the proof. D 

§7. Handle sliding lemma and sub-homotopies 

In this section, we recall another important element in the chain level theory, 
the handle sliding lemma introduced in [15] . We state the most natural version of 
the handle sliding lemma which uses the sub-homotopies of the given homotopy 7i 
instead of the piecewise-linear approximation of Ti which was used in [15] . 

We start with the following lemma from |15j . Partly for the reader's convenience 
and also because we need to add some important points to the lemma, we repeat 
its proof here. 
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Lemma 7.1. [15, Lemma 5.1] Let CHjj) be one-parameter family such that 7i G 
V''3{rLm{M)-Hi,H2)). For each rj e [0,l]\Sing{n), we define 



^(H(n)j(ri)) -inf 



du 



dr 



2 



Jiv) 



u satisfies (6.1), 



is not stationary and Index u = 



and 

(7.1) A:5f'" = inf A%. j.y 

Then A^!^\^ is strictly positive. 

Proof. Suppose the contrary that ^m\\ — 0, i.e., that there exists a sequence rjk € 
[0, l]\Sing{H) with Vk ^ Voc <^ (0, 1) and Uk sohitions of (6.1) for {H{rik), Jivk)) 
such that 



(7.2) 



duk 



2 



-^ 0, Index Uk = 0. 

J{Vk) 



dr 
Then we must have, by choosing a subsequence if necessary, 

ryoo e Sing{H) 

and a degenerate periodic orbit Zqo of i = X[jt^^{x) such that Uk —>■ z^o uniformly 
and so 

Mfc(oo), Ufc(-Oo) -^ Zoo. 

Since Mfc(±oo) are solutions of i = XH(nk){x), they must be the pair described in 
(1) right above (3.1) in section 3.1 and hence 

Index {uk) = ^i{[z'^{7^k),wl]) - ^{[z^ {rik),wl] = 1. 

But this contradicts the index condition in the definition of A9^s j^^ which finishes 
the proof. D 

Next we define 

(7.3) ^(Wj) ^ niin|^(ff-fc,j=)=) | Sk £ Sing{n)Y 

This is again positive by a Gromov type compactness theorem. Now we have the 
following crucial definition of a family version of the constant ^(h.j) suitable for 
our purpose. We define 

(7.4) A°^,^.) = ^{^!^y A-^^yA{^-j)] 

which we know is strictly positive. 

Remark 1.2. We would like to point out that all the invariants Af^,'^.,, A^5f'.^ and 
A^^ > are defined in terms of the Floer boundary equation (4.3), not in terms of 
the continuity equation (4.5). Furthermore, it follows from the same kind of proof 
as the proofs of Proposition 6.1 and 6.2 that for a fixed Tl, 

min{A°^_^-),A(a;;j)} 

is lower semi-continuous in j. 

We state the following simple lemma, or rather an observation from this remark, 
which follows immediately from the definitions of A9.^ ., and of the sub-homotopy 
in Definition 3.8. This turns out to play an important role in our proof of the main 
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theorem later, and is one of the reasons why we have to use the sub-homotopies of 
the given homotopy. 

Lemma 7.3. Let {Ti.,]) he a given homotopy. Then we have the inequality 

for the sub-homotopy 'Hri^r^^ between any two Floer points < 771 < 772 < 1- // 
771 > ?72 instead, then we have 

Proof. The proof is an immediate consequence of the definitions of v49^ -, and of 
the sub-homotopy in general. D 

We now recall the following handle sliding lemma from 15]. We, however, add 
an important improvement from that of [15] : here we used the sub-homotopy (4.8) 
of H instead of the linear homotopy that was used in [TS] . It turns out that this 
usage of sub-homotopies is the most natural and the optimal choice, in that the 
constant associated to the given {"Hjj) in Definition 5.4 can be used for all its 
sub-homotopies. The proof here is taken from [15^ . 

Proposition 7.4 (The handle sUding lemma). Let j = {J''} e V'^'^'^f [ju.^'H) 
be a {two parameter) family of almost complex structures and {H{ri)}Q<,i<i be a 
generic family of Hamiltonians. Fix a cut-off function p. Let A^^ -, be the constant 
defined in (7.4) and let 771, 772 G [0, 1]. 

(1) Then there exists 5 — 5{T-i,j) > such that if {rji — 772] < 6, any finite 
energy solution u with 

Index u = 

of (5.3) must either satisfy 

r du "^ 
(7.6) / ^ <e{d) 

or 

where for s{6) ^0 as < 6 ^ 0, provided S < Sq. 

(2) In addition, in the case of (7.6), u is homotopic to the canonical cylinder 
yfan ^ between z^ and z^ the asymptotic periodic orbits ofu. In particular, 
we have 

OT ,7P(^) 

as (5 ^ 0. 

(3) Furthermore the same constant A9.^ ., for (7.7) can he used for all the sub- 
homotopies 'Hriiri2 fof o,ny two Floer points 771, 772. 

Proof. We prove this by contradiction. Suppose the contrary that there exists some 
£ > 0, 7/1 and rji with rjt —>■ rji as i — > 00, and solutions Ui that satisfy 

Index Ui — 0, 
(7.8) ^ + ^''^^'(|'-^--M=« 
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and 

, d 
(7.9) e< • 






dr 

In particular, the right half of (7.9) implies the uniform bound on the energy of Ui. 
As « -^ oo, the equation (7.8) converges to (6.1) with {H, J) = {H{r]i), J{r]i)). By 
Gromov's type compactness theorem, we have a cusp trajectory 

k 

which is the limit of a subsequence where each Uoo.fc is a solution of (5.1) for 
H = H{rii), possibly with a finite number of bubbles attached. We also have 

hmi?(^p(T)_jp(r))(ui) = 2^£^(HP(T)^jp(T))(uoo,fc) 

On the other hand the left half of (7.9) implies that at least one of Uoo,k is not 
trivial, i.e., not stationary. 

Now we consider three cases separately: the first is the one where r/i G Sing{T-i) 
and the second where r/i £ J\ft{'H,j) and the rest where 

me[o,msingin)umin,j)). 

When 7/1 G Sing, we must have 

which gives rise to a contradiction to (7.9) when i is sufficiently large. On the 
other hand, if r/i G Aft{7i,j), the cusp curve must contain a component Uoo that 
has Index and is non-constant. Again the right hand side inequality of (7.9) 
prevents this from happening. Finally when rji G [0, l]\{Sing{7i) U N't{T-i,j)), the 
index condition Index u,; — and the transversality condition imply that all the 
components Uoo.fe niust be constant which again contradicts to the left hand side 
inequality of (7.9) if i is sufficiently large. This finishes the proof of the handle 
sliding lemma. D 

§8. Parametric stability of tightness of Novikov Floer cycles 

This is the key section which will involve all the results we proved in section 3-7, 
especially Theorem 3.7, Theorem 4.6, Proposition 5.7, Theorem 6.7 and Proposition 
7.4. 

Let 

(8.1) a = ^aA9"^, aA<EH*{M) 

be a non-zero quantum cohomology class. We denote by T{a) C F the set of A's 
for which the coefficient ua is non-zero. By the definition of the Novikov ring, we 
can enumerate F(a) so that 

-Ai < -A2 < ■ • • < -Xj < ■■■ 

where Xj — u!{Aj). We call the first term aiq~^ the leading order term of the 
quantum cohomology class a and denote by Ld{a) . 

We recall from ^18] that for a given quantum cohomology class a ^ 0, we define 
the mini-max value of Ah 

p{H;a) = inf{A//(a) | a G kcr9, with [a] = a } 
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for a nondegenerate Hamiltonian H for which the Floor homology HFi, {H, J) is 
defined for a generic choice of J. As we pointed out in 18], the number p{H; a) is 
independent of the choice of J. 

The following notion of tight Floer cycles introduced in [18j is important in the 
proof of Theorem II. 

Definition 8.1. Let {H,J) be a Floer regular pair so that the Floer complex 
{CF^{H),d(^H,.j)) is defined. Let a be a Floer cycle of H and a € QH*{M) be the 
corresponding quantum cohomology class with [a\ = a . We call the Floer cycle a 
of (i7, J) tight if it realizes the mini-max value, i.e., 

\H{a) = p{H;a). 

We call a critical value A of Ah a homologically essential critical value of Ahi if 
there exists J such that {H,J) is Floer regular, and A = A/f(a) for a tight Floer 
cycle of {H, J). 

Although the homologically essentialness of a critical point [z, w] of Ah depends 
on the choice of J, the following proposition proves that the homologically essen- 
tialness of a critical value is independent of the choice of _ff-regular J's. 

Proposition 8.2. Let J, J' be two H -regular one-periodic family of almost complex 
structures. Suppose that a Floer cycle a of (iJ, J) is tight and assume that j is a 
homotopy connecting J, J' that is Ti-regular for the constant homotopy TL = H . 
Then the transferred cycle 

defines a tight Floer cycle for the pair (H, J'). 

Proof. Since [h(H.j;p}i<^)] = a^ we have 

(8.2) XH{hiH.j;p){a)) > p{H-a) = Xnia). 

Next let [z' ^w'] be a peak of htH.j;p)i'^)- By the definition of h/H,j;p)i'^)j there 
is [z,w] G a such that M{{H,j;p); [z,w], [z',w']) ^ 0. Then (5.8) applied to the 
constant homotopy Ti = H implies 

Ah{W,w']) <Ah{[z,w]) 

which implies 

(8.3) >^H{h(H,j-p){a)) < >^H{a). 
Combining (8.2) and (8.3), we have proved 

^H{h(H.,r,p){a)) ^ p{H;a) 
which finishes the proof. D 

Now we fix a homotopy H £ P^^''^ (nm{M);ef, H) and j G 7'*™"(j^; H), satis- 
fying the properties described in Theorem 4.6, 

H = {iJ(ry)}o<^<i, 3 = {J{vi)}o<n<i 

such that 

HiO) = H^, H{1)^H0 

are nondegenerate. In particular, by the choice of j, the Floer homology HF^ {H{r]), J{ri)) 
is defined for any r] e I{'H,j). 
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Let ?7o be a Floer point at which there exists a tight Floer cycle ao G CF* {H{rioj). 
We fix a homotopy 

(8.4) f"eP'"\j^;H;vo); f" ^ {Jno<t<i 

that satisfies the properties of Theorem 4.6 for the pair ('H,j'^°) and also satisfies 

(8.5) J^"im) = Jivo)- 

The main result of this section is to show that the tight Floer cycle uq of (H(rjQ), J(rjo)), 
after perturbing j slightly to j'"' as above, is parametrically stable in that there ex- 
ists (5 > such that for any Floor point rj with |?7 — ?7o| < S, p{H{ri): a) is the level 
of a tight Floer cylce of the pair {H{rj), J'^" (rj)). Note that once we know the latter 
fact, Proposition 8.2 implies that p{H; a) is indeed the level of a tight Floer cycle 
of {H{r]), J{r]j) for the original homotopy {H,j). 

We fix a cut-off function po : I^ ^ [0, 1] and fix one p" as in (8.4) and satisfying 
(8.5). Then consider the corresponding chain map 

(8.6) /i(,„,;,„) := ^„^„„,™^;p„) : CF^HM) - CF,(i/(r;)). 

Theorem 8.3. Let (7i, j) be as above and 7^ a G QH*(M). Suppose that rjo G 
[0, 1] is a Floer point at which a carries a tight Floer cycle for H(rio). Then there 
exists 64 = Si{7i,j'^", a; r/o) > such that on each of the semi-intervals [770, rjo + S4) 
or {r)o —5i,rio] a carries tight cycles given by the transferred cycles h(^r]ov;po)i'^±) '^f 
some tight cycles a± at rjQ respectively. 

We would like to remark that when 770 ^ C"'^ross{'H), we may take a_ = a+. On 
the other hand, if rjo G C^'^ross{H), the two cycles a_ and a+ could be different. 

The rest of the section will be occupied by the proof of this theorem. 

We note that since 770 is a Floer point, there are only a finite number of periodic 
orbits of H{rio), and can apply Theorem 6.7 for all Floer chains of {H{rio), J{rio))- 

By Theorem 4.6, the chain map (8.6) is defined at any point rj G I(Ti.,j^"; 770), a 
dense subset of [0, 1]. We emphasize that we need to choose j"^" depending on the 
point 770 to ensure the properties stated in Theorem 4-6. 

We now prove the following key proposition. We would like to emphasize that 
this kind of continuity statement in the levels of cycles, not in the levels of the 
corresponding homologies, does not hold in general, and even if it holds so, proving 
such a continuity statement is a highly non-trivial matter due to the phenomenon 
of cancellation of critical points. This is the reason why the structure theorem, 
Theorem 6.7, of Floer cycles proven in section 6 is so crucial in our proof. 

Proposition 8.4. Let {'H,]), a.^, tjq and j^" be as above. Then there exists some 
S5 = ^^{Ti., j"^" ,rio) > such that the assignment 

V^ ^H(r,)(^(,,o»?;po)("o)) 
is continuous on (770 — 5^, r/o + S^) f] I{H,j^"; rjo). 

Proof. Let 6 > which is to be determined later and consider the function 

KV) ==^H(rj)(/j(r,o));po)(ao)). 

We remind the readers that by definition all the generators of a Floer cycle rep- 
resenting the class dual to a given a G QH*{M) have the same Conley-Zehnder 
indices. 
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For the proof of the proposition, we will follow the scheme used in the appendix 
of [E]. We first note that 

m(?7) ^ >^H{^)ih(r,ov;Po)i(^o)) > p{H{r]);a) 

by the definition of p{H{rj)\a) since we have [/ii)o»)(cto)] = a • Hence /i(?7) is finite 
and well-defined. 

Once the finiteness of p.{ri) is shown, the proposition will be an immediate con- 
sequence of the following lemma. 

Lemma 8.5. There exists 5c, — (55(?i,_;/''°;?7o) > for which we have the following 
inequality 

(8.7) -E{n^^,) < A*(ry') - ^^{7J) < E{n,„r) 

for any Floer points rj, rj' G {rjo — ^5, ryo — (Js). In particular fi is continuous at rjQ. 

Therefore we will prove this lemma in the rest of the proof of Proposition 8.4. 
The proof of this lemma is quite long and intricate, and various arguments used in 
the proof touch the heart of the chain level Floer theory. 

We first consider the case i]o < rj < if and provide complete details of the proof 
of (8.7) in this case. We will briefly mention the proof of (8.7) for the other cases 
in the end of the proof. 

We compare the homotopy 7Y^(,»?' with the glued homotopy 7i^^'#7i,,o^. We 
recall the general gluing identity from (5.24) 

(8-8) ^■w.o'i#(p;«)«^-,' " ^(W;pi) ° ^immpo) 

for p — {po,pi) and for a sufficiently large R> 0. We also assume pi is monotone. 
Then, if [z' , , w' ,] is a peak of the cycle ft,-^,^ ^^ -j-i , (ao), by the definition of the 
chain map ^(r;r;';pi)i there must exist some [z',i(;'] £ /i^q^(q;o) for which 

(8.9) M(^{n„^,,j^^r,p,)-[z',w'],[z'^,,w'^,]^ ^0 
holds. Now we state the following easy general lemma. 

Lemma 8.6. Let F and K be two nondegenerate Hamiltonians and TL be a homo- 
topy from F to K and j be given such that (7i, j) is Floer regular. Let p be a given 
monotone cut-off function and let h-Hj^p be the corresponding Floer homotopy map. 
Then we have 

^K{h^H,r,p){a)) < Ma) + E' {U) 

for any Floer chain a of F. 

Proof. Let [z', w'] be a peak of the cycle h(^-]-(j.p) (a). By the definition of h(j-cj.p'^ (a), 
there is a generator [z,w\ G a such that 

M{{n,3;p)-Az,wUz',w'])^^. 

Then (5.10) implies 

(8.10) AK{[z',w'])<AF{[zM) + E-{n^^'). 

Since [2',^'] is a peak of the cycle h('i-c;p)i<^)j i-S-, AkHz' ,w']) = XK{h(-]-cj-p){a)) 
and ^_f([2:,w]) < Xf{c(), the lemma follows from (8.10). D 
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Going back to the proof, Lemma 5.5 & 5.6, (8.8) and Lemma 8.6 imply 

We next deform the homotopy 'Hriari4i=(p:R)'Hri'ri to the po-clongated homotopy of 
Ti-riori' for the given fixed choice of po that we used in the definition of /i in the 
beginning. On the other hand, since we assume that rjo < rj < 77', 'H-qariH^(p;R)'H-q-q' 
is also an elongation of the sub-homotopy 'H-qo-q' (by a monotone cut-off function). 
More exphcitly, if we denote by Peing the corresponding cut-off function, peing is 
given by the formula (5.22). 

Now we consider the homotopy 

\Jrion'' '^nav'' P) 

between the po-dongation of (7i, j''" ) and the pe;„g-elongation of {Ti, j"^" ) connected 
by the homotopy p = {p(k)}o<k<i of cut-off functions 

p = {p(k)}o<k<i; p(0) = po, P(l) = Peing- 

Since ao is a cycle, wc derive, from Proposition 5.7, 

(8.12) h^^^,y.p^){ao) = hHr,„r,#^,.,n)H^^,i(^a) + d(j(.q,)M{rn) ° Hg^^^^j^^^^^-^{ao) 
with the inequality 

(8.13) ^H(i^'){HQ^^^^^^^^^--^{aQ)) < XH{rj„){ao) + E{Ur,a'q')- 

Now using the non- Archimedean triangle inequality 

>^H(r^'){a + P) < niax{AH(v)(Q:),A/j(^/)(/3)}, 
we estimate the level 

(8.14) ^//(r,')('^W™.#(P;«)«w("") +^^(V),H(r,') ° %,„,,,«,„,, ;p)("0))- 

For the first term of (8.14), we have (8.11). For the second term, we recall Theorem 
6.7 and Proposition 7.4 which imply 

^H{r,'){dj(rj')M{r,')°HQ jj ,:«)(ao)) 

(8.15) ^ 

for all Floor points 77' satisfying 

\r/' — rjol <S and d{ri' ,Sing{TL)) > S 
for some S = (5(?i, 7, ryo)- Therefore combining (8.11)-(8.15), we derive 

f^iv') = ^H(r,')(^(r,or,';po)("o)) 

(8.16) ( ^ 
< max 1^(77) + £; {Hrjrj'), >^h{vo)M + E{H^„^') - A^j^^^^^.^^^j. 

We will study under what conditions, wc have 

p{r]) + E- {Ur,^') > XH(r,o)iao) + EiUnon') - ^(wj™;,,^) 

and in turn p,{'q') < p.{r]) + E^ (Hrjri')- 

We apply the homotopy ('W^L)po to (8.8) and obtain 

(8.17) hf^^-i ) o /i„ _^ ^ = hf^^-i ) o /i(,,^';pi) o \rjomPo) 
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where p = (po,pi). It follows from (8.17) that the cycle h,^-i ■. o /j(,;^';pi) ° 
^('7o');po)("o) is homologous to ao since /i.^-i ^ o /i-h„o^#(p;h)W„v is chain homo- 
topic to the identity. Therefore, by the tightness assumption on ag, we derive 

(8.18) \H(rjo){h^^-i ) o hi^^^,.p^) o h(^^^^.p^^){ao)) > XH(^„)iao). 

Applying Lemma 8.6 to hr-^-i ^ and the eycle /^{r/r/':pi) ° ^(??o^;po)('^o), we obtain 

^ TJQ77' ''^'^-' 

^H('no){h(^-i ) O /i(r,,,';pi) O ^(r,or,:po)("o)) 

770T?' 

Then (8.17)-(8.19) give rise to 

(8.20) ^H(-qa){h(rj-q':pt) ° ^(r,or,;po) (o^o)) > ^H (r,o) ("o) - ^^(Wr,o»)') 

(8.21) > AH(^)(/i(„o^;p„)(ao)) - i?"(Wr,o^) - E+{Hnov>) 

where we applied Lemma 8.6 for the latter inequality. Now after rewriting (8.12) 
as 

^W™^#(p;H)W^,'("") ^ So^':po)("o) - ^(./(r,').«W)) ° %,„„,, H^„^,;p)("o), 

we derive, from this, (8.8), (8.14) and (8.15), that we have 

^H('n'){h(^„ri-,pa) °^(w';Pi)("o)) = >^H('n'){hHr,„r,#ip,R)H^^,{oiQ)) 

(8.22) ^ max|Aff(^,)(/i(^„^,.pj,)(ao)), 

as in (8.16). On the other hand, we derive, from (8.20) and (8.22), 

, . max|A/f(^/)(/i(^„^/.pj,)(ao)),AH(^o)("o) + E(Hr,„n') - ^(■Hj™;r,o)} 

> >^H(rio){aa) - E+{n^„^'). 
Now we choose S^ = 5^{TL,j^° ,rjf)) > so that 

i.e., 

(8.24) Ein^„^,) + E+{H^,^,) < ^J„,,™;,o) 

holds for any ry, ry' G (770 ^ S^jfjo — 5^). We would like to emphasize that we can 
choose 65 so that it satisfies (8.24) and depends only on {Ti.,j, rjo). With this choice 
of (Js made, we have 

(8.25) XH(rjo)iao) + EiHrjon') - ^lH,j''o-no) < ^H{,,o)i(^o) - E+iHnon')- 
Then (8.23) and (8.25) imply 

(8-26) AH(,,')(/l(,,or,';po)(ao)) > A//(,,„)(ao) - E+{H.r,Qr,') 

Now combining (8.16), (8.25) and (8.26), we first obtain 

max 1^(7?) +S"(?i:,,v), AH(,,o)(ao) +^(Wr,or,') - -4(«j„o.^,)| 

^p{ri)+E-{n.,r,') 
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which in turn implies 

(8.27) ^i{r,')<^,{r1)+E-{H^^,). 

Next we compare the homotopy H,,,,,, and H^ , i^Hr^ori' ■ Recall rj' > rj and 
Tiri'n = ^rm' t>y Definition 3.8. Again wc will have the identity 



i-rj')) — • ^rjri 



^(•H-i)^„,#(p;H)-H^„^, - K'mpi °K>n'-po 



for a sufficiently large R. Now (8.11) is replaced by 

V.)(V-W#(.:H,«W ("")) ^ ^('?') + ^"(^W) = ^('?') + ^^(^'"'')- 

Here we would like to remark that i'H^^)nri' ^{pim'HrjQrj' is still an elongation of 
Ti-riori but by a non-monotone cut off function. 

By repeating the arguments above with 7^,,^' replaced by Ti^T , , we obtain 

(8.28) fi{v)<fi{v') + E+{n^^,). 
Combining (8.27) and (8.28), we have obtained 

This is indeed an inequality stronger than (8.7) and in particular proves (8.7). The 
cases other than that of rjQ < t] < i]' can be handled by the same arguments if we 
replace the sub-homotopy Tigs' by (7Y^^)s's every time the reverse inequality s > s' 
appears in the proof. This explains appearance of E in general instead of E^ or 
E~^ in (8.7). We leave the details to the readers. This finishes the proof of Lemma 
8.5 and hence Proposition 8.4. D 

Remark 8.7. In fact, an examination of the above proof combined with the 
discussion above Proposition 3.8 shows that the map 77 i—^ ^H{ri)ih(rjav-pa)i'^o)) is 
differentiablc such that its derivative depends only on the periodic orbit but not on 
its liftings and is given by 

—^ {t,z.^{t))dt 

where z^ is a periodic orbit with [z^, w^] is a peak of the cycle h^„^j^.p^\{aQ). 
Next we note that there is a canonical one-one correspondence 

Per(i7(r7o)) ^ Per(iJ(ry)) 

for any rj ^ {vo ^ S, tjq + 5) for some 5 = S(H, rjo) > 0. We denote the corresponding 
family by 2:^(77) for fc = 1, ■ • • , ^(Per(_ff (770)). This map in turn induces a one-one 
correspondence 

given by 

[zkim),wkim)] ^ [2fc(v7),wfc(?7o)#<""^„)2,(^)]. 

For the simplicity of notation, we denote u'^J},k — ''^T?no)z M' ^^ construction of 
l^inompo)' we then have 

(8.29) h(^r,ov.Po)iiMvo),Wk{vo)]) = [zk{v),Wk{vo)#u^Z7iJ 

modulo any filtration order as want, by choosing 6 smaller if necessary. We recall 
the identity ^(i;i;;po) = id in the chain level. We will always assume this holds for 
the rest of the proof. 
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We start with the foUowing result which is of independent interest. A similar 
statement has been an important ingredient of Usher's algebraic proof of Theorem 
II [35]. It was also proved in [HI in the context of Lagrangian intersection Floer 

cohomology by a purely algebraic way, but with Aq ^^^ the (positive) universal 
Novikov ring. (See Proposition 26.9 [S].) Since we use the Novikov ring A^^, which 
does not have this positivity property, we cannot deduce this result from Proposition 
26.9 p. Here we instead give a simple geometric proof based on the basic fact. 
Lemma 8.9 below, on the Floer boundary operator for a small Morse function. 

Proposition 8.8. There exists a constant c > depending only on Ti. but indepen- 
dent of rjQ or X such that 

d {CF{H{m)) n CF\HM) c d {CF^+^iHM)) 

for all XeR. 

Proof. Denote H — H{rio) and d/H,j) = ^h in this proof for the simplicity of 
notations. We first recall the following well-known result for a small Morse function 
ef. See [7], [E] for its proof. 

Lemma 8.9. Let f he a Morse function and e > be a sufficiently small so that 
so that def — 9^^'"''*'^(_gy) (g) Aj^. Let cq = emax |/|. In particular, we have 

d{CF{ef)) n CF\ef) C 5(CF,^+^"(e/)). 

We now connect the given Cerf homotopy H, by another fixed homotopy from 
e/ and H^ and denote the join homotopy again by Ti, which now connects ef to 
H. Let 7 e d{CF{H)) n CF^{H). We transfer 7 to CF[ef) and consider h^^oirt)- 
Note 

Ae/(Soo(7)) < Aff (7) + E+{n) < A + E+{n). 
Therefore it follows from Lemma A. 4 that there exists a chain j3q G CF{ef) such 
that 

Vo(7) = defiPo), A,/(/3o) < A + E+{n) + emax |/|. 
We estimate 

(8.30) Aff(/io„o(/3o)) <X + E+{n)+emiix\f\+E-{n) = A + £;(W) + emax |/|. 
We compute dniho^joiM) 

dHihonoiPo)) = h^noidefiPo)) = Vo(Noo(7))- 
By the chain homotopy formula, we obtain 

/io,,o ° Kooil) = 7 + dH{Hn,„o#Ho^„ (7)) 
and hence 

9H(/lOr,o(/3o) - ■H"h,oO#Wo™ (7)) = 7- 

We consider /? = /iQrjo (/^o) — H-^^ „ (7) and estimate its level 

Xh{P) < Uiax{XHihor^„il3o)),XHiH-H„^^,,#Ho„,,{l))}- 

But we have the estimates 

Ah(Vo(/3o)) < A + £;(H) + emax|/| 
from (8.30) and 

XH(HH,„o#no,o (7)) < Aif (7) + E{n) < A + EiH) 
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from (5.25). Hence by taking c = E{H) + eniax |/|, we have finished the proof. D 

Now we are ready to give the proof of Theorem 8.3. 

Proof of Theorem 8.3. Fix a positive constant 5 < minAi/2. Proposition 8.8 im- 
pHes that any element from the submodule d{CF{H{r]o)) n CF^{H{r]o)) with 
A = p{H{riQ); a) + S can be represented by dH(rio){P) with 

\H(r,,){P) < p{H{r]o)]a) + 5 + c. 

Now we choose a tight cycle a^ and its decomposition 

ao == peak(Q!o) + Sq. 

We denote the gap of the operator d(^H{rio),Jivo)) by Ai = Ai(?7o) := ^(h(,,o),J(»)o)) 
given in Proposition 6.2. 

We then consider the transferred cycle h^„ri{<^o) '■— c^iv) for V sufficiently close 
to rjQ. We will show the following two alternatives : there exists 64 ~ S4{Ti.,j, a; 770) 
such that 

(1) either /i,,o,,(ao) is tight for H{ri) for all r/ G (770 — (54,?7o + S4), 

(2) or hrioriioio) is not tight and there exist tight cycles a± for H{rjQ) such that 
hriQ-q(a±) are tight on (ryo — ^4, 770] and on [r/o, rjQ + 84) respectively. 

In the second case, a_ and a^ could be different cycles. 

Now suppose that the cycles /i,,o,,(q;o) is not tight for H{-q) at least in one direc- 
tion, say, for rj < rjQ. We will try to find another tight cycle «_ at 779 for which the 
second alternative above holds. 

Since hjjgnio^o) is not tight, there exists a chain (3{ri) such that 

(8.31) Xh{,,) (/i,,o^(ao) + dH('n){(3{v))) < >^H('n){hrjovM)- 

This in particular implies that d[ji^\{l3{ri)) kills peak(/i^Q^(Q:o)). 
Since we have 

Aff(^)(/3(r/)) < A^(^o)(/i^^o(/3(?7)) + C(«j)(|?7-77o|) 
we may assume by Proposition 8.8 that 

\H{:n){P{Tl)) < p{H{Tio):a) + 25 + c 

if we choose 77 so that C(7^,j)(|r7 — '7o|) < 5, where the constant C(^-)-cj-){r) is the one 
given in Proposition 6.6. 

If hrjna (peak(ao)) = dH{ri)l' for some 7', applying the homotopy formula between 
hriav ° ^vm ^nd the identity, we derive 

peak(Q;o) = dH(rjo)iK>vh')) + dH(no)iH peak{aoj) + i?(9H(^„)(peak(ao)))- 
It is easy to show that the levels of the last two terms are less than equal to 

AH(,,o)(peak(ao)) y-^ + E(Hr,ar,) < A//(^o)(peak(ao)), 

if we choose |?7o — rj] so small that E{7iriort) < -3^- Therefore dH{rio)7 with 7 = 
hrigriij') kills peak(Q;o)) modulo terms of level less than A//(^j,)(peak(Q;o)). Hence 
we have 

A_h-(,,o)(q:o - dH(.q„)l) < Afl-(^p)(ao) 
which violates tightness of aa. Therefore we may assume that /i^Q,,(peak(ao)) is 
not a boundary. 



FLOER MINI-MAX THEORY 57 

Furthermore if P{ri) has a generator [z'jw'] not connected to /i^j,,,(peak(ao)), 
i.e., if 9/f(^)([z', w']) is not contributed by any generator thereof, we can safely 
replace j3{ri) by j3{ri) — a'[z', w'] for some a' G Q to get rid of the generator [z\ w'] 
without increasing the level of /i,,Q,,(ao) + dH(rj)if3{v)) ■ Since ft,,,Q,,(peak(ao)) is 
not a boundary and since the peak of hriorjiao) is contained in /i,,Q^(peak(Q:o)), this 
d(3{'q) must have a non-zero remainder, after it kills peak(/i^Q^(ao)). The level of the 
remainder must be lower than A/f(^-)(/i,,p,,(ao)) by (8.31). Therefore we may assume 
that all the generators of j3{'q) is connected to some generator of /i^j,^(peak(ao)). 
This in turn implies that all the generators of h'Z^ {(3{vi)) are also connected to 
peak(ao) by (8.29). 

We also derive from (8.31) 

(8.32) >^H(r,,){h-^^{P{v)) < p{H{f^o);a) + 3S + c. 

By the Gromov-Floer compactness, there are only finitely many, say, 

^0 = Noin, ?7o, a, p(if (ryo); a), piH{r]a):a) + 3S + c) 

critical points with 

[zi(?7o),wi(77o)],--- ,[zN„{vo),WNo{vo)], 

connected to {A~^] Jp{H{rio); a))nCrit Ah{tio) {^n<i so those connected to peak(Q;o)). 
Since ag is tight, there must exist at least one [z£,W£] for which there is another 
critical point \z\,w'^ oi A}i[ria) such that 

^{M{{zt,w,l{z',,w',\) + ^ 

and 

(8.33) ^H(^„)([z;,u;^]) > AH(^„)(ao)- 

We divide our discussion into two cases : one for which the cycle ckq := ag + 
dH(-no)iKo\((^i'n)) is tight and so 

(8-34) \H(rjo)i(^o) = XH{,io)i'^o) 

and the other for which a'g is not tight and so 

(8.35) \H(rjo)i(^o) > -^H(>)o)("o)- 

We start with the case (8.35). In this case, the inequality (8.33) must be strict 
for at least one i : Otherwise the cycle ag itself will be tight and so belongs to the 
category (8.34). We recall that there are only finitely many, say TVg = No{H{rio), a), 
critical points of AH(r]o) ^^ the level j/g = p{H{riQ)]a). This number depends only 
on H{r]o) and a. And we note that there are at most finitely many [z'girjo) , Z({r]o)] 
connected to [zi{r]o), zi{rio)], say, 

Ni{£) = Ni{n, %, a, piHir^o); a),p{HM; a) + 36 + c; £) 

for each £. Therefore if we define 

Wo 

A^2 = ^iVi(^), 

i=l 

there will be at most N2 such [z^, w^] in total. Furthermore by the definition of the 
gap Ai(77o) of the boundary map dH{ijo), we have 

p{H{f]o);a) + Xi{m) < XiHino))(l^dm),wi{r]o)]) < p{H{T]o);a) + 3d + c 
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Then from (8.35) and from the finitcncss of such [z^, w'^] connected to [z£, wi] which 
in turn connected to [zq, wq] a generator of peak(Q;o), we derive that there must be 
a gap denoted by 

A2(%) = X2{'H,f]o,a,p{H{f]o);a),p{H{T]o);a) + 3S + c) 

such that 

(8.36) AHino){[4,W(]) > A/f(^o)(ao) + A2 

for all such [z'g, w'^]. (In Lemma 8.10 below, we will in fact show that we can choose 
A2 depending only on [Ti.,,]) and 36 + c.) 

By nondegeneracy of H(rjQ) and finiteness of #Per(iJ(ryo)), we can choose a 
sufRciently small r := |?7 — ryo| > so that 



..37) 



CcHj)W < min<^ Y,Ai - 2C(^n,j){r)> 



Furthermore we derive from (8.36) that for any such [2^(770), W£(?7o)] the action of 
transferred critical points [z'^{ri) , w^lr])] satisfies 

•AH{r,)i[zeiv),w'eiv)]) > ■^H{r,)i[zaiv),woiv)]) + y = XH(r,o)iao) + y 

by the choice of 77. This then implies that as long as |?7 — ?7o| < r as above in (8.37), 
we estimate the level of the cycle ^.^^^(ao) as 

A2 

>^H {^) (hriovio^o) + 9(3(1])) > \H(rio)i(^o) + y > ^H(v)iKovi(^iv)) ■ 

This contradicts to the hypothesis (8.31). This finishes the proof by setting (^4 = r 
for the case (8.35). 

For the case (8.34), the point (?7o,yo) with yg = XH(rio)i'^o) is a nondegenerate 
crossing in the bifurcation diagram of Ti. By the Cerf property, the two continuous 
functions 

Mi(?y) := Ah(^o)(/i^o^(q^o)) 

provide the two possible branches at (770, j/o)- By applying the above consideration 
to Uq instead of ao, ao must belong to the category (1) in the above alternatives 
and so its transferred cycles /i))o))(Q^o) must be tight. This finishes the proof. D 

For the later purpose, we provide a precise description of the above constant A2 
in the following lemma and its lower semi-continuity property. 

Lemma 8.10 Let K > and define the constant X2{r]; K) as follows : for r] ^ 
Sing(TC), 

X2{mK) := Jni^^{E(^H{n).J(n))i^) - E(H(n).,j(n))(u') \ u e M{J,H;z, (O;*^), 
u' eM{J,H;z,{-);C'),0 < E(H(n)..j(n)){u), E(H(n)..j(n)){u') < K, 

E(H(ri)..J(ri)){u) - E(H(ri).,](ri)){u') > 0, p.H(rj){C) = MH(>))(C') = 1} 

and for rj G Sing{Ti.) by the same except that we add the requirement that at least 
one of the uj-limits (•) o/u, u' is not of the form z^ . Then the function rj G [0, 1] h^ 
A2(?7; K) is lower semi-continuous for each fixed K . In particular we have 

A2 K := niin A2(r7: K) > 0. 

r,e[04] 
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Proof. This is a consequence of Gromov-Floer compactness which we can apply as 
in the proofs of Proposition 6.1 and 6.2 using the following ingredients : 

(1) finiteness of ^(Pev H{ri)) for each rj, 

(2) finiteness of homotopy classes of w, u' with the same a-limit under the given 
energy bounds, 

(3) and finally by isolatedness of A4{z, (•); C) when iih{C) — 1. 

D 

§9. Proof of the nondegenerate spectrality 

Finally we are ready to prove Theorem II, which we reiterate here. Let H he a 
nondegenerate Hamiltonian and 

(9.1) a^^a^g-^, aAeH*{M) 

be a non-zero quantum cohoniology class. 

Theorem 9.1. Let H be any nondegenerate one-periodic Hamiltonian and J be 
such that {H, J) is Floer regular. Then for any nonzero quantum cohomology class 
a, the mini-max value p{H; a) is realized by the level of a tight Floer cycle of {H, J). 

Besides the preparatory materials proven in section 3-7, our proof of Theorem 
II also exploits the following two ingredients in an essential way: 

(1) p{ef; a) is homologically essential for any Morse function if e > is suffi- 
ciently small. 

(2) The mini-max value p{H; a) is tied to a nontrivial topological property, not 
an accidental critical value. 

Now we fix a Morse function / and a Ccrf homotopy TC E p'^'^'^t {Hm{M); e/, H) 
satisfying the properties described in section 7, 

H^{H{ri)}o<r,<i, 

such that 

H{0) = ef, H{l) = H. 

For simplicity, without loss of any generality, we will assume that the values of the 
Morse function f at critical points are all distinct. 

We also consider the set of j = {J(77)}o<jj<i lying in V{juj]'H)^ In particular, by 
the choice of j, the Floer homology HF^,(H{rj), J{ri)) is defined for any rj € I{'H,j). 
We 

The proof of Theorem 9.1 will be done by a continuation argument. We define 
a subset of [0,1] 

(9.2) 5'(7^) = {77 G [0, 1] I rj satisfies one of the following two conditions} : 

(1) when T] e [0,1] \Sing{H), p{H{ri);a) is homologically essential, i.e., there 
is a J for which (H, J) is Floer-regular and carries a Floer cycle a with 
p{H{r]);a) == A//(a). 

(2) when 77 G Sing{Ti)^ there is j G V{ju];'H) such that it carries a sequence of 
Floer points rji ^ rj for which the mini-max value p{H{rji); a) is homologi- 
cally essential for each i. 
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We will prove S(7i) = [0, 1] by a continuation argument starting from H{0) — ef, 
which will in particular prove Theorem II. 

Step 1: S{Ti.) is nonempty. We will show that p{ef;a) is a homologically essential 
critical value. 

Consider an almost complex structure Jo such that —ef is Morse-Smale for the 
metric g = uj{-, Jq-). We denote by CM^.{—ef) the graded Morse complex associated 
to {—ef, Jo). An element of CM^{—ef) has the form 

^afe[pfe], flfe G Q, pfe e Crit<?(-e/). 

k 

For given p G Crit*(— e/) and A E T, we denote p ■ q :— [p,p^A] where p is the 
constant disc p. 

We represent a^ by a Novikov Morse cycle 

A 

of —ef. As wc argued in [section 5, 15], we may assume that the representative 7 
of a has the form 

(9.3) 7= E T^9^ 

AGr(a) 

where 7^ is a Morse cycle of —ef. By the definition of Novikov Floer chains, we 
can enumerate T{a) so that Xj = i-^iAj) satisfy 

Ai > A2 > • • ■ . 

Then it is easy to see 

(9.4) Ae/(7)=Ae/(7l?^0, 

provided e > satisfies 

(9.5) e(max / — min /) < c(a) = Ai — A2. 

(See the proof of [Lemma 7.4, 15].) On the other hand, wc compute 

where Pj-^ is the peak of the Morse cycle 71 measured by the values of —ef. Recall 
that as long as we fixed the quantum cohomology class a, the collection T{a) is fixed 
and so Ai is fixed and the coefficient Morse cycles 71 varies inside the homology 
classes PD{ai) G iJ*(M,Q). 

Therefore if we choose e so that (9.5) is satisfied, the mini-max value p{ef; a) 
becomes 

P(e/;a) = -^(^1)+ inf^ max{-e/(p) | p G 71}. 

However it is an easy consequence of compactness of M and is well-known in the 
finite dimensional critical point theory that on a compact manifold M, the mini- 
max value 

inf max{-e/(p) | p G 71} 

7iGP-D(aj) P 

can be realized by the level of a tight Morse cycle ^tgt- Then if we re-choose 
71 = Itgt and fix other 7j's for j > 2, we have 

(9-6) P(e/;a) = A/([p(/;ai),P(/;ai)g'^']) = A,/(7). 
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Here P(f-ai) is the unique critical point of / that is the peak of the tight Morse 
cycle 71 associated to the eohomology class ai G H*{M). This proves that p(e/; a) 
is a homologically essential critical value. 

Step 2: S{T-C) is open in [0,1]. Let 779 G S{H). We would like to show that there 
exists S > such that {rjo — S, rjo + d) C S{H). We consider two cases separately: one 
is the case where 770 G [0, 1] \ SingCH) and the other the case with rjo G Sing{H). 

For the case where 770 G [0, 1] \ {SingCH), we choose j G V'^'^{ju,;'H;r]Q) i.e., 770 
is a Floer point for {H,j). See section 4 for the definition of "P^^^Q'^^;?^; r/o). Then 
the stability theorem, Theorem 8.3 implies existence of such i5 > 0. 

Next, we consider the case when 770 is in Sing{TC) n S{Ti). In this case, by 
the definition of SCH), there is j G 'P{juj]'H) for which we have a sequence of 
the Floer points 77^ — > 770 and tight Floer cycles au G CF^:{H{'qk))- Under this 
assumption, we would hke to prove that there exists 5q = 5(,{H,j; 770) > such that 
all r] € {rio — Sq, tjq + 5(,) \ {r/o} allows tight cycles with its level p{H{rj)-,a). As in 
section 8, we will assume, without loss of any generality, 

Vk / Vo- 
We denote [zk, Wk] be a peak of a^. Then we have 

(9.7) lira AH(n^){[zk,Wk]) = lira p{H{r]k);a) = p{H{ria);a) 

k — *oo k — *oo 

by the continuity of /?„. After choosing a subsequence, we may assume that Zk 
converges to a periodic orbit Zqo G Per(_ff(7/o)). 

Using the Cerf property of Ti, there are two cases to consider: one is the case 
where 

(9.8) Zk ^ z^irjk) 
and the other 

(9.9) Zk^z+{r]k) or Zk = z^{rik) 

after choosing a subsequence of 77^ if necessary. 

Note that for the case (9.9), the limit orbit is nothing but 

2^00 — za 
where zq is the unique degenerate periodic orbit of H{rio) and for the case (9.8), 
the limit Zqo is far away from zq. The following proposition reduces the proof to 
the case of (9.8). 

Proposition 9.2 Let a ^ be a given quantum eohomology class and denote by a 
a Floer cycle with [a] = a . Then there exists < Sg < Si with 6g = SQ{7i,j) such 
that at any Floer point rj satisfying d{ri,Sing{7i)) < 6q there exists a tight Floer 
cycle a of {H{r]), J{vi)), no peak of which is of the form 

[z^(?7),w] 

for any bounding disc w. 

Proof We have already shown in Proposition 6.9 that no peak of a is of the form 
[z^{ri),w]. We now prove applying Theorem 6.7 (2) and tightness of a that there 
exists Sg such that whenever 1 77 — 770 1 < Sg, if there is a peak of the tight cycle a 
having the form [z^ {ri),w~ (jj)], we can cancel the peak by adding d(^H(ri),j(ri)){c ■ 
[z^ [rf] , w^ {rj)]) with w^{rj) = w^ {r])fj^u'^°^, s^+. s for a suitable c G Q keeping the 
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level unchanged and hence keeping tightness of a as well. Applying this cancelling 
repeatedly, we can cancel all such peaks. This finishes the proof. D 

We therefore safely assume that we are in the case of (9.8). Then an examination 
of the proof of Theorem 8.3 proves the following 

Lemma 9.3. There exists S'^ ~ 6'^(7i,j]a,rio) > and a sufficiently large iV G N 
such that the transferred cycles 

are tight on each of the semi-intervals of (rjo — 6'^, rjo + S'^) \ {rjo}. 

Proof. The proof is a variation of that of Proposition 8.4 except that in the current 
case, rjQ G Sing{H) and so the Floer homology itself at r/o is not defined. On the 
other hand, by the Cerf property of 7i, there is no critical point [z, w] of An^rjo) ^^ 
the same level of the form ^^(^^)([zo, wq]) where zq is a degenerate periodic orbit. 

Consider the constants Ai and A2 that appears in the proof of Theorem 8.3. An 
examination of the proof shows that we can choose Ai depending only on (7i, j) 
but independent of 770 if we replace A(^H(jjo),Jinoy) ^J the constant ^(-h.j) provided 
in Theorem 6.7. 

For the constant A2 = )^2,K, we take X2.K given in Lemma 8.10 for 

K = 3S + c 

where S, c are as in the proof of Theorem 8.3. Once we have this, the same argument 
as that of Theorem 8.3 with A2(?7o) replaced by X2.K provides the constant S'^ = 
S'^{7i, j;a,ri()) > which finishes the proof. D 

If we choose N sufficiently large, then 770 £ {6'^^ — 'i1n,^4+ Vn) and hence follows 
openness of S{Ti.) at rjQ. Combining the above altogether, we have finished the 
proof of openness of S{Tt). 

We remark that the corresponding level functions 

l^-iv) = ^H{ri){hr,oviaN-)) 
M+(^) = ^Hiri)ihrjoviaN,+ )) 

together define a continuous function on (77^ — S'^, rjN + 5'^) which extends contin- 
uously across 770. 

Step 3: S(Ti.) is closed in [0, 1]. Let 77^ — > 7700 be a sequence of Floer points such 
that each p{H{rii)\a) is a homologically essential critical value. First consider the 
case where rjoo lies in [0, 1] \ Sing{H). We choose j G T"^^^{jui]'H\ i]oo) and consider 
the transferred cycles 

Proposition 8.2 shows that the existence of tight cycles at 77^ does not depend on 
the choice of j and so we may assume that all 77^ including 7700 are Floer points of 
{7i,j). Then by the same arguments used for the proof of Theorem 8.3 and using 
Lemma 8.10, there is a constant 6^ — S4{rioc) > such that on each of the semi- 
intervals of (?7fe — (54, 77fc] or [rjkj rjk + S4), we can find a tight cycle ak for which akiji) 
is also tight on the corresponding intervals. Obviously if k is sufficiently large, then 
Vk G {rjoo — (5, 7700 + S). In particular, h(rif,ri^;po){'^k) is a required tight Floer cycle 
of H{rioo) at the level p(H{rjao)',a). This takes care of the case when 7700 lies in 
[0,l]\Sing{n). 
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On the other hand when ?7oo G S{Ti.) riSing{7i), there is nothmg to prove by the 
definition of S{Tt). This proves that S{H) is closed. 

Step 4- Finish-up of the proof. Combining Step 1-3 and the fact that [0, 1] is con- 
nected, we have proved S{'H) — [0, 1] and so the proof of Theorem 9.1. This in turn 
finishes the proof of Theorem II at last. 

Remark 9.4. In fact, an examination of the above proof seems to show that the 
spectrality axiom holds for the Hamiltonians either of the Bott-Morse types or of 
a finite type: We call a Hamiltonian H a finite type, if all of its periodic orbits 
are isolated and the degeneracy of the linearization is of finite order. It would be 
interesting to see if the spectrality axiom holds for arbitrary Hamiltonians or not. 

We are now ready to prove Theorem V stated in the introduction as a by-product 
of the arguments used in the above proof. We re-state the theorem here. 

Theorem 9.5. Let Ti. be a Cerf-homotopy. Then the spectral function s h- > p{H'^] a) 
is smooth away from a countable subset of C^'^ross{TC). 

Proof. Let 770 e (0, 1) \ Sing{T-i). We choose a generic J^° such that the pair 
{H{rjo),J^°) is Floer-regular and then extend J''° to a family j = {J''}o<j;<i so 
that the pair (Ti.,j) is a Floer homotopy, i.e., satisfies the properties of Theorem 
4.6. Then the above proof shows that if 770 is not in C"''^ross{'H), there exists a tight 
Floer cycle ao for {H{jjo), J''") such that the function /i 

Kv) = Aff(,,)(ft.r,o.)(ao)) 

is well-defined on (770 — (5, 770 + <^) for some S > which is smooth thereon. Fur- 
thermore by making 6 > smaller if necessary, the proof of Theorem 8.3 shows 
that the cycles h^gr/icta) are all tight and hence p{H{ri);a) = fi{ri). On the other 
hand if 770 G C^^'^ross{H), the last paragraph of the proof of Theorem 8.3 shows 
that p{H{r]); a) may be realized by two different branches /i_ : (770 — 6, 770] -^ M and 
M-h : N,% -h i5) ^ M with Ai-('7o) = P.+ {vq) given by 

M-(?7) = AH(r7)(So^(a-)) 

where a± are two different tight Floer cycles of i/ (770). This proves that the function 
77 H^ p{H{rj);a) is differentiable possibly except at such points from C'^'^ross{'H). 
This finishes the proof. D 

§10. Spectral invariants of Hamiltonian diffeomorphisms 

We recall that the invariants p{H] a) were constructed for arbitrary Hamiltonian 
functions i/ : 5^ x Af ^ R in [TH] . We first summarize the basic properties of the 
invariants p = p{H; a). Except the nondegenerate spectrality axiom proven in the 
present paper, all other axioms are proved in 18J. 

Theorem 10.1. Let {M,lu) be arbitrary closed symplectic manifold. For any 
given quantum cohomology class 7^ a G QH*{M), we have a continuous function 
denoted by 

p = p{H- a) : C^{S^ x M) x QH*{M) -> M 
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such that they satisfy the following axioms: Let H, F ^ C^ {S^ x M) be smooth 
Ham,iltonian functions and a ^ G QH*{M). Then p satisfies the following ax- 
ioms: 

(1) (Nondegenerate spectrality) For each a G QH*{M), p{H;a) G Spec{H) 
if H is nondegenerate. 

(2) (Projective invariance) p{H; \a) — p{H\ a) for any 7^ A G Q. 

(3) (Normalization) For a — '^^er'^^l'^' ™^ have p{0;a) — v{a) where 
is the zero function and 

v{a) :— inm{uj{—A) | a^ 7^ 0} = — ma.x{uj{A) \ oa 7^ 0}. 

is the (upward) valuation of a. 

(4) (Symplectic invariance) p{ri*H;ri*a) = p{H:a) for any symplectic dif- 
feomorphism rj 

(5) (Triangle inequality) p{Hfj^F; a ■ b) < p{H; a) + p{F; b) 

(6) (C°-continuity) \p{H;a) -- p{F;a)\ < ||ff#F|| = \\H - F\\ where \\ ■ \\ 
is the Hofer's pseudo-norm on (7^(5^ x M). In particular, the function 
Pa '■ H 1-^ p{H; a) is C'^ -continuous. 

(In the symplectic invariance axiom, 77*0 denotes the canonical pull-back of a un- 
der the symplectic diffcomorphism 0. In general rfa^a unless is symplectically 
isotopic to the identity. In ^18) , the symplectic invariance was stated incorrectly as 
p{r]*H; a) — p{H; a). We thank Polterovich for pointing out this error.) 

By the one-one correspondence between (normalized) H and its associated Hamil- 
tonian path 0// : 1 1—^ 0^ , one can regard the spectral function 

Pa:nra{M)^C^i[OA]xM)^m 

as a function defined on V{Ham{M,uj);id), i.e., 

(10.1) pa:V{Ham{M,uj),id)^R 

as described in 18J. Here we denote by V{Ham{M,u!), id) the set of smooth Hamil- 
tonian paths in Hani{M, lu) and by Ham{M, lo) the set of path homotopy classes 
on V{Ham{M,Lu),id), i.e., the (etale) universal covering space oi Ham{M,uj). We 
equip Ham{M,uj) with the quotient topology. The following corollary shows that 
the function pa pushes down to Ham{M,uj) as a continuous function. The proof 
of the following fact is entirely the same as in the rational case [181 summarized in 
the introduction of the present paper, and so omitted. 

Corollary 10.2. Let (Af, w) be an arbitrary closed symplectic manifold. For any 
nondegenerate <f) G Ham{M,u}), we have 

(10.2) p{H-a) = p{K-a) 

for any smooth functions H '^ I\ satisfying [H] = [K] — (j). 

We like to emphasize that at this moment, because we do not know validity of 
the spectrality axiom for degenerate Hamiltonians, we do not have the equality 

p{H;a) = p{K;a) 

yet for two H and K representing the same (j), if the latter is degenerate. The 
scheme of the proof used to prove (1.3) for the rational (M, w) cannot be applied 
without the spectrality axiom. In this regard, the following is still a non-trivial 
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theorem to prove. The argument used in the proof is similar to the proof of [HI 
Lemma 5.1] or ;18, Theorem 5.1]. 

Theorem 10.3. For any pair (iJ, K) satisfying H ^ K , we have 

(10.3) p{H-a)^p(K-a). 

Proof. For the nondegenerate case, CoroUary 10.2 proves (10.3). It remains to 
prove (10.3) for the degenerate cases. 

Suppose H ^ K. We approximate H and K by sequences of nondegenerate 
Hamiltonians Hi and Ki in the C°° topology respectively. We note that the Hamil- 
tonian 

generates the flow (/)^ o (/)^ o (i/)^)^^, which is conjugate to the flow 0^. and is 
nondegenerate. Therefore we have 

(10.4) p{H,- a) = p{Ki^H,ifK- a) 

by the symplectic invariance of p. On the other hand, since H ^ K , we have 

K#H,i0{ ^ K#R,#H. 
Since both are nondegenerate, Corollary 10.2 implies 

(10.5) p{K#H,#K; a) - piK#H,ifH; a). 

Here we remind the readers that the definition of the nondegeneracy of a Hamil- 
tonian depends only on its time-one map. By taking the limits of (10.4) and (10.5) 
and using the continuity oi p(-;a), we get 

p{H; a) = p{K#H#K; a) = p{K#HifH\ a) = p{K- a) 
where the last equality comes since H^H = 0. Hence the proof. D 

Therefore, for any nondegenerate 4>, we can define the value Pa{<P) by 

(10.6) Pad) := p{H-a) 

for H satisfying [H\ = (j). This defines a well-defined continuous function 

-— ■ — " nd 

(10.7) Pa-. Ham (A'f,tj)^M 

where Ham (M, ld) is the subset of Ham{M, lu) consisting of nondegenerate ^'s. 

Theorem 10.4. The function pa defined by (10.7) extends to continuously H am{M , to) 
in the quotient topology of Ham{AI, uj) induced from 

P{Ham{M,uj),id). 

Proof. Recall the definition of the quotient topology under the projection 

TT ■.V{Ham{M,Lo),id) -^ Ham{M,uj). 
We proved that the assignment 

(10.8) H^p{H;a) 
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is continuous on C°°{[0, 1] x M) in [I^. By the definition of the quotient topology, 

Pa : Harn{M, uj) ^ R 
is continuous, because the composition 

PaOTT : P{Ham{M, uj), id) -^ M, 
which is nothing but (10.8), is continuous. D 

Remark 10.5. One cheap way of defining a function on the covering space Ham{M, uj) 
out of the spectral invariants p{H; a) is to take the infinium of p{H; a) among all iJ's 
connecting the identity to the given time one map ~ (f)\j in the same homotopy 
class of paths: i.e., 

p'{(l);a) :— inf p{H;a) 

similarly as in the cases of Hofer pseudo-norm 

11011 = Jnf \\H\\. 

However, unless we had the spectrality axiom, more specifically without its conse- 
quence Theorem 10.3, there would be no reason why the function p' : Ham{M, uj) — > 
M is continuous just as the function (f> i-^- \\<j)\\ is not a priori continuous in the (etale) 
topology of Ham{M,uj). 

Finally, for the reader's convenience, we summarize the basic axioms of the 
invariant p : Ham{M,uj) x QH*{M) -^ R in the following theorem, whose proofs 
immediately follow from Theorem 10.1 and 9.4. 

Theorem 10.6. Let {M, lo) he any closed symplectic manifold. Let (j), ijj ^ Ham{M, lo) 
and 7^ a G QH*{M). Then for each =/= a E QH*{AI), the function 

Pa : Ham{M, w) -» R 

is continuous, and the function 

p : H^{M,uj) X QH*{M) -^ M 

satisfies the following axioms: 

(1) (Nondegenerate spectrality) For each a G QH*{M), p{(j>;a) G Spec{(t)), 
if (j) is nondegenerate. 

(2) (Projective invariance) /9(0; Xa) — p{(j); a) for any / A G Q. 

(3) (Normalization) For a — '^Aer'^AQ^^, we have p{0;a) = v{a) where 
is the identity in Ham{M, oj) and 

via) :— min{ti>(— yl) I a^ 7^ 0} = — xnax{uo{A) I a^ ^ 0}. 
A 

is the (upward) valuation of a. 

(4) (Symplectic invariance) p{ri~^(prj; rfa) = p{(j); a) for any symplectic dif- 
feomorphism rj 

(5) (Triangle inequality) p(0 ■ i/j;a ■ b) < p{(t); a) + p{ip; b) 

(6) (C°-continuity) \p{4>;a) — p{i/j;a)\ < \\(f)oijj~^\\ where \\ ■ \\ is the Hofer's 
pseudo-norm on Ham{M,Lu). In particular, the function pa '■ (f> <-* p{(f>;a) 
is C'^ -continuous. 
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We like to remind the readers the spectrahty axiom holds for any </> for the 
rational symplectic manifolds [18j . It is an interesting problem to investigate to 
understand what kind of Hamiltonians, besides nondegenerate ones, satisfy the 
spectrality axiom, which will be a subject of future study. 

§11. Applications to Hofer's geometry 

In this section, we provide two immediate applications of the spectrality axiom 
in the study of Hofer's geometry of the Hamiltonian diffeomorphism group. We 
first recall the following definitions 



(11.1) -"^=^^' 



E~{(j)) = inf _ / - mill Htdt 

E+{4)) = inf / laayiHtdt 

\<h,H]=<t>Jo 



(See [20], and [12] for example). Note that we have 

E-(H) = E+{H) 
for the Hamiltonian H i-^ <j)^^. This in turn implies 

E-ir')^E+{^) 

and hence 

(11.2) < E+{^) + E-{4>) < inf _ [{muxHt - mm Ht) dt. 

In particular we have the inequality for the Hofer pseudo-norm ||(/)|| and ||(/)||med 

(11.3) Mmed-.^ mi {E+($) + E-m<U\\. 

7r(0)=0 

Now we consider the invariant p{H] 1). We have shown, by definition, 

(11.4) p(0; 1) = p{H- 1) 
for any H with — [H] . Since we have 

p{H-l)<E-{H) 

(11.4) implies 

(11.5) p{^-l)<E-{H) 

for all H with [H] = (p. By taking the infimum of (11.5) over all such H, we have 
proved the following inequality 

(11.6) pi^;l)<E-{^). 

Applying the same argument to H and using E^{H) = E^{H), we obtain 

(11.7) pi^-';l)<E+{H). 

We now define 

7(0) = p(0;l) + p(r';l)- 
Furthermore we have 

7(0) = p(0; 1) + p(0-i; 1) > piid; 1) = 0. 
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We recall the definition of the spectral norm 7 from [19j 

7(</.) = inf (p{H; 1) + p(H; 1)) = inf (7(0)). 

Combining (11.5) and (11-7), we have proved 

Theorem 11.1. For any <j) e Ham{M,uj), we have 

(11.8) 7(0) < ll^ll- 

In particular, we have 

(11.9) 7(</') < mUd. 

(11.9) is an improvement of the inequality 7(0) < \\(t>\\ proven in 19J and give a 
different proof of nondegeneracy, with a lower bound, of the medium Hofer norm 
II ■ limed- Previously McDuff [T^ proved that this is nondegenerate by a different 
method. 

Next we define a partial order on Ham{M,u}) out of the invariant p(0; 1). We 
note that p{(j)\ 1) can be strictly negative although the sum p{4>; l)+p((/)^^; 1) cannot. 
We recall our convention of the action functional is 

Ah{[z, w])^- j w*uj - / H{t, z{t)) dt 

emphasizing the '— ' in front of the integral J H{t,z{t))dt, and that p{H;a) is 
defined in terms of the action functional, not in terms of H itself. This explains 
somewhat contradictory usage of positiveness in the definition. 

Definition 11.2. We say that a Hamiltonian H is homologically positive if 

0(iJ;l)<O, 

and <j) £ Ham{M,uj) is homologically positive if its representing normalized Hamil- 
tonian H is homologically positive. We also call the corresponding Hamiltonian 
path {<^5?}o<t<i homologically positive if [0, -ff] = is positive. We define 

Ham^{M,uj) = {(f> \ <j) homologically positive} 

C+([0, 1] X M) ^{H e C^iS^ xM)\H homologically positive} 

and denote 

V+{Ham{M, uj),id) = {/ : [0, 1] -^ Ham{M, w) | /(O) = id, 

for the set of homologically positive Hamiltonian paths issued at the identity. 

We refer readers to [3] for a general discussion on partially ordered groups and the 
definition of the normal cone used below in the context of contact transformations. 

Theorem 11.3. The subset C :— Ham-i^(M,Lu) forms a normal cone in V := 
Ham{M,Lu), i.e., C satisfies 

(1) Iff,geC,fgeC 

(2) IffGCandheV, hfh-^ e C 

(3) ideC 
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Proof. (1) follows from the triangle inequality 

p{f;l)+p{g;l)>p{fg;l) 
and (2) from the symplectic invariance of p and (3) from the identity p(0; 1) = 0. D 

Following [3], we define the partial order associated to this normal cone on 
Ham{M,uj) by 

f > g on V if and only if fg~^ G C. 
The question whether this is non-trivial, i.e., satisfies the axiom 

f <g ^ 9 < f if and only if / = g 

is an interesting problem to study and is related to the study of Hamiltonian loops 
h and the corresponding spectral invariants p{h;l). This is a subject of future 
study. Viterbo [23] had earlier introduced the notion of positive Hamiltonians and 
a similar partial order for the set of compactly supported Hamiltonians on M^" and 
proved nondegeneracy of the partial order. 

Appendix 

A.l. Proof of Proposition 2.7. We first recall the definition from [5], [5T] of the 
Conley-Zehnder index for a path a lying in SP*{1) where we denote 

(Al) SP*{1) = {a: [0,1] -^ Sp{2n,R) \ a(0) == id, det {a (1) ~ id) ^ 0} 

following the notation from [21]. We denote by pcz{a) the Conley-Zehnder index 
of a given in [21] . 

Next we note that a given pair [7, w] G ^^{M) determines a preferred homotopy 
class of trivialization of the symplectic vector bundle ^*TM on 5*^ = dD^ that 
extends to a trivialization 

$^ ■.w*TM -,D^ X (R2",wo) 

over D^ of where D^ C C is the unit disc with the standard orientation. Any one- 
periodic solution z : R/Z ^ M of a; = Xh{x) has the form z{t) = (p^ip) for a fixed 
point p = z{0) e Fix{(j)]j). For the given one-periodic solution z and its bounding 
disc w : D^ -^ M, we consider the one-parameter family of the symplectic maps 

and define a map au,w] • [0, 1] — ^ Sp{2n,R) by 

(A2) a[,,„](i) = ^^{zit)) o d0*^(z(O)) o <i>„(z(0))-\ 

Obviously we have a[2.u,](0) = id, and nondegeneracy of H implies that 

det(a[2^^](l) -id) j^Q 

and hence 

(A3) a[,,,„] e SP*{1). 

In general, according to the definition from [5] of the Conley-Zehnder index for a 
paths a lying in iSP*(l), the Conley-Zehnder index of [z,w] is defined by 

(A.4) I^h{[z,w]) := iJ.cz {ai^,w])- 
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Now we start with the proof of Proposition 2.6. We can write 

z'(t)-exp,(,)e(t), m^T,^t)M 

since z, z' is an associated pair of H, H' that are assumed to be sufficiently C^ 
close. We denote by 

the parallel translation along the short geodesies r i-^ exp^/^-j (r^(t)) for < r < s 
where z* : 5^ ^ M are the loops defined by 

z^(i)=cxp,(,)(se(t)), ,SG[0,1]. 

Now we make an identification 

n : u'TM -^ [0, 1] X z*TM 

for u = u'^1? by the map 

(A.5) V e (u*rM)(,,,) K^ (s, (n^:*)-i(i;)) e {5} x (z*TM)t. 

Then noting that we can write 

[w'fTM = w*TM#u*TM 
for w' = w^u, $tu and 11 together induce a natural trivialization 

$^' : [w'YTM -^ {D^ U [0, 1] x S^) x M^" 
by the formula 

By the nondegeneracy hypothesis of z, we know that the map at^^^i : [0, 1] -^ 
Sp{2n,M.) defines a path in SP*(1). We compare the two linearized vector fields of 
Xh and Xh' along the corresponding periodic orbits z and z' 

{A.7) {^n.\aD)*{DXH{z)) 

and 

{'^n,'\aD)4DXH'{z')) 

respectively. We can express 

i<P-^'\aD)*iDXH'iz')) = ($^|9Z52) o (nj)-! o iDXH'iz'))onl o ($^|9c2)-l 
= ($^|9d0 ° ((nj)-^ o DXH'iz') o nj) o ($^|gcO^'- 

Since we assume that H' is C^ close to H and (z, z') is an associated pair, it can 
be easily seen 

{nl)-'^ o DXw (z') o nj : z*TM -^ z*TM 

is C^ close to DXh{z) : z*TM -^ z*TM. Therefore if we write the flow of the 
linearization 

oi {<^^,),{DXH'{z')){l,t,i) &s 
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the map af^ ^n : [0, 1] -^ Sp{2n, M) is C^ close to a[z^w] ■ Therefore we can homotope 
'^'iz' w'] ^'^ ^[z.w] inside SP*{1). Then by an invariance property of the Conley- 
Zehnder index 21j under such a homotopy, we obtain 

By the definition of the Conley-Zehnder index fiH{[z,w]), this inipUes fiH[z,w] = 
^H'{[z',w']) which finishes the proof. 

A. 2. Proof of Lemma 6.8. We first prove the following general lemma. The lemma 
is stated in a more general form than needed for the purpose of using it also in the 
proof of Proposition 9.2 in section 9. The present case corresponds to the case of 

Lemma A.l. Let {H,J) he an pair consisting of smooth one-periodic families 
of Hamiltonians and almost complex structures. Denote {Ja,Ha) cind [Jfj^Hp) he 
any regular pairs in the Floer theoretic sense for which the Floer homologies are 
defined. Let (7i, j) be a homotopy pair with Ti connecting Ha, Hp for which the 
Floer chain map h(^j^-ni.p) is defined for a cut-off function. Let U be any fixed tubular 
neighborhood of z with smooth boundary dU which is homologous to the one-cycle 
[z\. Let Za, Zf3 be one-periodic orbits of Hamilton's equation for Hi, H2 respectively 
such that the images of Za and zp are contained in an open subset 

V CV CU 

and denote by m^*^" be the canonical thin cylinder. Suppose that u is a solution of 
(5.3) satisfying u ~ u^"^" 

u( — 00) = Za, u{oo) — Zf}. 

Then there exists a positive constant Sq > and e — e(z;(5o,y C L/) > 0, which 
does not depend on u, such that for any finite energy solution u o/(5.3)-(5.4) whose 
image is not contained in U , we have 

E(^j^n,p)iu)>eiz;6o,VciU)>0 

for any H and TC as long as H„i, m ~ 1, 2 satisfy 

\\H^-H\\c2<So, \\H\\c^<6o, \\f-j\\c^<So 

Proof. We will prove the lemma by contradiction. Suppose to the contrary that 
there exists a sequence Sk. — > such that we can find Ha^k, Hp^ and {jk,H.k) 
satisfying 

\\H-Ha,k\\c-, \\H ~ Hp.kWc-, WHk'Hl ||jfe-j||<4 

for which there exist periodic orbits Za,k G Per(i/Q^fe) and z^^^ G Per{Hp^k) satisfy- 
ing 

Im Za,k, Im z/3,fc C V, 
and a solution Uk of (5.3)-(5.4) satisfying 

(A.8) Uki-Qo) = Za,k, u{(X>) = Z(3,k 

and 

(A9) u{Tk,tk)^U. 
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We recall the energy bound (5.21) 

for any bounding disc Wk of Za^k- Since u is assumed to be honiotopic to the 
canonical thin cylinder u'^a', we have 

AHi3,k{[zf!,k,Wk#v]) = ^H^, J[z/3,fc, Wfe#<"^"]) 

and hence this bound can be re-written as 
(AlO) 
^a.,'H.;rtK) < ■^Hf,,d[zf3,k,Wk#u''^^^]) ~ AH^_A[zc,k,Wk]) + E {Hp,k - H^,k). 

Using (A.8)-(A.10) and Lemma 2.4, we derive 

■^0'fc,Wfc;p)("fe) ^ ^s fc ^ oo. 
In particular, Uk can not bubble off and uniformly converges to a stationary solution. 
We denote the stationary solution by Zoo, which will be a periodic orbit of H . Due 
to (A. 9) and (A. 10), the image of Zoo must be contained in V . On the other hand, 
because of (A. 11), the image of the limit of Uk cannot be contained in U and gives 
rise to a contradiction. This finishes the proof. D 

Now we prove Lemma 6.8 by contradiction. Suppose the contrary that there 
exists some sequence of Floer points rji with diiit{rii,Sing{T-L)) —> and a sequence 
of elements 

Ui e Mi^J{r]i),H{r],); [z+{rji),w+{r]i)], [zi,Wi]j 

with [z„w,] ^ [z^{Vi),w+{i],)#ulfl_] and 

(^•11) E(^J{r,^)M{r|,))iu^) -^ 0. 

After choosing a subsequence, we may assume 

Vi ^ Voo e Sing{TC) 
and 

Zi^ Zoo & Per(i7(?7oo)) 
as i ^ cxD. 

First if Zi ^ z {rji), then we have 

dciizi^z'^irji)) > C 

for some C > independent of i ^ cxd because we are assuming 7Y is a Cerf 
homotopy and so each singular point ?7tx3 can contain only one bifurcation orbit. 
This contradicts to (A. 11) via Lemma A. 3. 

On the other hand, if Zi ~ z^(?7i), (A. 11) implies Im Ui is contained in a small 
tubular neighborhood of Zoc and so the compactified cycle Ui are all homologous to 
the one dimensional cycle Zi. But then Lemma 6.3 implies 

E{J{,u)M{rii)){ui) = 

for all sufficiently large i, after choosing a subsequence if necessary, which contra- 
dicts that Ui cannot be stationary. 
Therefore we have proved 

Zi = z^{rii) 
for all i, after choosing a subsequence if necessary. Then we pick a pair of suffi- 
ciently small tubular neighborhood U of Imzoo such that it deformation retracts to 
the one dimensional cycle Zoo- Since Zi -^ Zoo, there exists another smaller open 
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neighborhood V with V d U, which depends only on Zqo and contains the image 
of Zi for aU sufficiently large i. We can also make the energy in (A. 11) satisfy 

E{j(y^i),H{7i,)){ui) < e{zoo;So,V C U) 

by choosing i sufficiently large. Then Lemma A. 3 implies that the image of Ui must 
be contained in U. In particular, z~^{rii) = Ui{—oo) itself must be contained in U. 
In particular, after compactifying M U {— oo, cxd} to [0, 1], we prove that Ui must be 
homotopic to u'^"" _ . This proves 

which is exactly what we wanted to prove. This proves Lemma 6.8. 
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